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INTRbbEjef iiSN 

This report summarizes a two-year study of 
mathematics performance of sixth-grade students. 
Particular emphasis has been given to analysis^ and 
classification of errors made by students solving a 
variety of mathematics items. Individual and sex 
differences are documented here. 

The research was conducted in two parts. In the 
first a large, already-existing data set was analyze^. 
The data were responses from all sixth-grade children in 
California. (The students and the instrument are 
described more fully below.) The second part, of ^ the 
study consisted of individual interviews with 93 sixth- 
grade students. The problem-solving behaviors of these 
students were studied in depths 

This report has fotir sections. In the first, the 

general outline and objectives for the study are 

reviewed. The second part describes the results of the 
secondary analyses of the ealiforhia data, and the third 
section describes the results of the interview study. 
General discussion and conclusions are offered in the 
final section. 

Several appendices are also attached. Appendices 
C, D, and^ are manuscripts prepared for journal or book 
publication and contain more technical detail about the 
research described in this report. Appendix A provides 
the items used in the interview portion, of the study, 
and Appendix B contains the responses of all childreYi to 
the items of Appendix A. 
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PROJECT OBjECf iVES - 

Four objectives were specified tor the prdjec^. 
They are described below, followed by brief statements 
describing success in teaching the obiectives. 

ID To aetermihe the extw^ to w&tch previously reported 
sex differences in th& Californi a data exist and 
influence student response . The California ^^fff^sment 
Program (CAPJ rioted in its Annual Report of 1979 that 
girls geherallv performed better than boys on 
computations in the three areas of whole numbers, 
fractions and decimals. It also reported that ^boys 
generally performed better than girls on story problems 
in the same areas. Statistical confirmation is obtained 
in the present study. Gender interacts significantly 
with performance on both story problems and 
computations. 

(2) To examine the predbmihaht successful and 
unsu ccessful stratwes used by sixth grade children in 
solving story problems . Initial identification of 
unsuccessful strategies comes from examination of ^ the 
large set of California data. Responses to each item 
(not just story problems) are examined and common 
elements of di^itractor choices are determined. A 
taxonomy of errors is developed, based upon recognition 
of prbbiem structure, selection of a problem-solving 
strategy, and implementation of the chosen strategy. 

(3) To Giscover t& what extent boys and gifrl^ iil^ 
different stiategles ±n solving story problems. Tje 
taxbhbmy developed under objective (2[ is applied to the 
California data, and major differences in types of 
errors made by boys and girls are determined.^ ^"I*"*^^!^ 
evidence is gathered in an interview study of 93 
children, who solved a restricted class of story 
problems. 

[41 To determine whether there are underlying cognitive 
difffren^ in ty£icai strategies of go^s and Siris and 
to i dentify ^hes& differences if they exip. Production 
■^stiffli simulate the performance of children in solving 
the story problems used in the interview study. The 
production systems reveal similarities and differences 
in steps taken to solve problems under three general 
strategies of problem solving. 
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STUDY 1: ERRORS ON MULTIPLJE-CHdieE TESTS 

The first study is an analysis of sixth-grade 
students^ responses to a standardized achievement test, 

Thedata analyzed are achievement test responses 
from aii sixth grade children enrolled in ealifbrhia 
public schools. in 1976-79. The testing instrument is 
the Survey of Basic Skills ; G^^ade administered in May 
of each year by the California Department of Eaucatibh 
under the California Assessment Program (CAP) • Between 
275r000_and 300 r 000 students answered the Survey in each 
of the four years studied. 

Instrum ent 

The Survey of Basic SitlJtls ; Grade 6 is designed^ to 
assess sixth-grade student per formance ih_ reading^ 
writing^ spell ing^ and mathematics^ Each subject ^area 
is scored separately. The purpose of the test is to 

estimate average pupil performance on a variety, of 

concepts. As part of its assessment ^ CAP gathers data 
about each child's language fluency .primary language at 
home, age/ birthdate, estimated socibecbhbmic status , 
arid sex. 

Scores are reported for school . district, and state 
levels. The test is constructed in such a way that no 
student answers all possible items. Individual results 
aire not released because they are riot comparable. 

There are 16 forms of the test, each_ containing 
uriioue items. An individual form cbritairis 30 muitiple- 
chbice items: 10 of mathematics , 8 b£ readirig, 8 of 
writing, and 4 of spelling. 

The following areas cbmprise the 160 mathematics 
items : 

Area 

Number Concepts 
Whole Numbers 
Fractions 
Decimals 

Geometry 

Measurement 
Probability 

Additional information about the Survey of Basic Sk444^; 

Grade 6 can be found in the Aririual Report of the 

California Assessment Program (1979). 



Number of Items 
28 
28 
20 
20 
20 
32 
12 
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G-ew eral Resnl ts 

eomparisoh of ftchievetnent ; Computat tons ama Story Problems 

For this analysis, attention was restricted to thj 
mathematics areas Of whole numbers, fractions » .and 
decimals. Only in these areas were there item^ 
Computation and application (story problems). Of the 
168 mathematics items, 68 are relevant here: _ 4i 
computations and 27 story problems. Each test _ form 
contains either 4 or 6 items from these two categories. 

There are two aspects to the analysis^ of 
performance ^ bh computations and story problems. _ First, 
patterns of success and failure by boys and girls on 
each of the 16 test forms were compared. Second, 
relationships were investigated between success on 
either computations or story problems and variables of 
reading achievement,, socioeconomic status, primary 
language and age . 

P atterns of AchieveTnent . tbg-lihear analysis was 
used "to dlteriine the relationship between gender and 
patterns of success on story problems and computations. 
(Details of- l-og-lT:near analysis- may be found in Bishop, 
Fienberg, and Holland, 1975.) For each ^test form, a ^ 
binary classification of success was developed. The 
classification captured the order of success (i.e., 
first, second, or third problem correct)^ for story 
problems and computations separately. For three story 
problems, there were eight possible patterns: 

+++ 

■ ++- 
+-+ 
-++ 

. .-- ' 

+ 

Where + denotes successful solving of the item and - 

denotes unsuccessful. There are eight similar patterns 
for three computations. ; 

Log-linear analysis provides a means of multi-way 
contingency table analysis. The factors here are sex, 
performance on story problems, and performance on 
camputations. Each factor Has several levels. Sex has 
tfl categories, male and female. Success on story 
problems has 2**n categories, where a is the number of 
story problems on a particular _ form. Success on 
computations also has 2**neategbries, with n being the 
numbers of < omputations on the form. 

The statistical analysis reveals that a iinqle 
model predicts the results of all but one test formi 
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Significant components of that model are interactions 
between sex and computation success^ sex and stbryr 
problem success r and story- _ problem success, and 
computation success. The model does not ebhtaih the 
three-factor interaction* 

It is evident from the statistical analysis^ that 
one must consider all three factors when predicting 
student success. Knowing how a student performed oh 
cbmputatiohs is not sufficient to predict his/her 
performance on story problems. Gender must also be 
considered. 



Other Influences on Problem Solving ^ ihf ormatibh 

about students^ reading achievementr socibecbhdmic 
status r primary language and fluency r and age is 
cbllected by the California Department of Educatibh at 

the time of testing. This information is used in 

cbhjuhction with the mathematics achievement test. to 
identify subgroups that are more likely to excel or lag 
in prbblem-solving success i 

The variables socibeconbmlc status r primary 
language and age do not appear to be sex-related 
factors. Boys consistently perform better than girls on 
story problems r and girls consistently perfbrm better 
than boys on items of computations (with ihihbr 
exceptions for older children of both sexes].. ¥Ib 
subgrbup of socioeconomic status b£ either sex_ is 
signif idantly weaker or stronger th^n the bthers* This 
does nbt mean socioeconomic status is hbt highly related 
to mathematics performance; it means that boys and girls 
of each SES classification appear to be influenced in 
approximately the same way. 

Similar results are found fbr age and primary 

language. Only children identifed by teachers as_ being 
fluent in English are included in the language analysis. 
One intriguing finding is that children whbse_ primary 

language was Chinese or Japanese (e/g.r the. language 

spoken at home) are much more successful in sblving both 
types of items than children who spbke English only. 

The _ comparison bf reading achievement and 

successful solving of computations and story prbblems 
indicates that girls with high reading achieveitiehtj, as 
measured, by the reading test bf the Survey bf Basic 
Skills ; Gradg ir_are relatively weaker in solving story 
problems than any other grbup. This finding suggests 
that factors other than reading influence story_ problem 
performance. (Details of this and bther analyses are 
iiveh in Marshall r Note ir attached as Appendix C.) 



7 



Error Analysis ■ ; 

Two issues concerning error analysis are addressed 
in this study: (1) consistency of distractor s^leption 
by boys and girls and (21 classification of predominant 
errors. Four years of CAP data are used to investigate 
these issues: 1976-1979. ./.sp ^ . 

co nsistency . Again, log-linear techniques are use^ 
to analyze — student performance. Three factors are of 
interest: sex, choice of distractor , ^ and year pf 
response. To evaluate consistency^ it is necessary tp 
determiSe whether bbyi ..consistently make one error^ and 
girls aSother^ regardless of instruction, textbook, or 
peer g^oup. Thus, comparisons are made of ^ four _ S^pups 
6f students: those in the sixth grade in 1976, 1977, 
1978, and 1979. 

All items Of the Survey are used in this study. 
For each item, a three-factpr analysis was carried out. 
it was hypothesized that interaction^ between sex ang 
distractor selection would be a significant component of 
the model and, further, that the thtee-f actor 
interaction of sex-by-distrac tor-by-year would not be a 
significant component. The three-factor .^"t^J^Hg" 
would suggest that boys and girls varied in their^cho^ce 
of response in different years and would negate the 
consistency hypothesis; 

A model of best fit was determined for each of the 

160 items. One model accounts for eighty percent of all 

items. There are consistent sex differences for all but 
19 of the iSO items; 

Cla ssification of errors . A simple model of 
prbbllm solving is developed as the foundation of the 
e'-ror classification; in this model, there are three 
stages: (1) identification of the problem type from 
features within the item; {2) selection |^ 
appropriate strategy for use with the recognized problem 
tySe; (3) implementatibS of the strategy. Errors may be 
mide in any of these stages^ in particular, errors raay 
be those of: 

1. Attention to spatial and visual cues 

2. Attention to verbal cues , 

3. Selection of inaccurate or inappropriate algorithm 

4. Guessing strategies , 

5. Translatipn from words to arithmetic expressions 

6. Perseverance in use of a cho'sen algorithm 

Errors 1 and 2 are ef^ors of the first stage of problem 
solving. They reflect inability tp identify necessary- 
features Pf the item; Errors 3 ahd 4 correspond to 
difficulties in selecting a strategy or ^approach fpr 
solving, a problem. . Finally, errors 5 and 6 reflect 
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problems in implementation of a chosen _ strategy . 
Details of classification and example items illustrating 
each category* of error are given in Marshall, Note 2, 
attached as Appendix bi 

Both sexes make errors of all types. However, 
girls appear more likelyto err in recbghizing releva^fe-- 
features of an item, whether spatial or verbal.. Boy§, 
on the other hand, have more difficulty in implementing 
a chosen strategy; 



STUDY 2: ERROR ANALYSIS AND COGNITIVE PROCESSES 

The second study is an investigation of sixth-grade 
students'' probleitt-soiying techniques.^ These techniques 
were observed during individual interviews. 

Population 

Ninety-three students were involved in this phase 
of the study, 49 girls and 44 boys. Sixth grade 
students in two public elementary schools were asked to 
participate i ft large majority of students in both 
schools were interviewed. All but two of the sixth 
graders enrolled in one school took part. Par*=*nts of 
these students requested that their _ children be 

excluded i In the second school, one of three teachers 

did not want his students to be involved in the _study. 
ftdditionaiiy, parents of five other students requested 
that their cfiiiaren also be excluded. The resulting 
sample consisted of approximately 95 percent from the 
first school and 60 percent of all sixth graders from 
the second school. 

Both schools participating in the study are 

predominantly white, middle classj schools; Each has an 

enroiimeht between 350-400 _ students in grades 
kindergarten through sixth grade. 

The school with the hlgheft rate of participation 
is traditional. One teacher instructs his/her students 
in all subject areas. The students are not grouped by 
ability^ Each classroom contains students of varying 
ability^ 

The second school operates under the "pod^ systems 
The school itself consists of several small buildings 
(pods}i Each building houses two or three classrooms^ 
Grades i-3 form the lower level, and grades 4-6 form the 
upper level i Students are grouped by ability in English 
and mathematics at each level. Students may have 
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aiflEererit teachers for different subject areas, and 
their classroom pears vary accordingly. 

- we assume no systematic bias in the samples for the 
two schools. The excluded classroom from^ the 
traditional school did not contain students grouped by 
ability. Therefore, we assume these students wep 
similar to those who did participate. _ Students^, in^t^e 
iecond school were grouped by ability, and different 
classes do reflect differing levels of ability. 
However^ we were able to interview almost all students 
in the second school and thus did not exClude any group 
formed by similar, capabilities. 

INTERVIEW PJRdeEBgRES 

Format 

Each student participated in a single 45-minute 
interview. The interviewer was a female graduate 
student in psychology with previous experience jn 
interviewing students. ftt the ^geginning of the 
interview, the examiner explained to the^child that our 
purpose was to look at the ways sixth-grade children 
solved story problems; It was particularly stressed 
that we did not expect the individual to solve each 
problem. Each student was also told that his/her 
performance was confidential, and the results would not 
be given to teachers or parents i 

During the first ten minutes of the interview, the 
student solved a set of story problems ^inth|^usual 
paper-ahd^pencil format. The purpose of this pretest 
Was twofold. First, we needed an example from each 
student containing typical work. We wished to^ jstimate 
the extent to which our interview P'^of "^^T 
changed a student's method of problem 
ebmparison of pretest performance with interview 
performance on selected items allowed ^s^to monitor the 
effects of the interview. Second, we felt the pretest 
served as a "warm-up" for the student. Solving problems 
in a manner similar to usual classroom procedures helped 
put the student at ease. 

Following the pretest, each student was asked to 
solve at most ten story problems. For five of the 
problems, the student was asked to describe how he or 

ISuld make a plan to solv^ the P-^oblem. Four 
questions were raised about each item. First, the 
student was asked to recall as much of the item as 
^S^Sible from memory. Second, the ^^udent was asked to 
Specif the question in the item. Third, the _ student 
was asked to make a plan about how to solve the item^and 
to describe each step in the plan, f ^"^^^y' J^^J^^f^"! 
was asked to identify the important features in the item 
that helped him/her develop the plan. 

ii 
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For the remaining f ive_ items^ the student was asRed 
to imagine a friend cbuid_not solve the item and had 
asked him/her to explain it. The student was given a 
piece of paper with bhly the item printed on it* The 
paper was divided iritb two partis; on one part the 
student was able to write if he/she needed to do soi On 
the other part^ the interviewer recorded what the 
student said and the justifications given for any 
operations . 

Items 

Twenty items were used in the interviews* fJalf of 

the students responded to a set of ten items in the 

pretest and then answered questions about a ^second set 

of ten in the interview. The remaining students were 
given the second set of items as a pretest and answered 
the first set as interview items. The items are given 
in Table 1 of Appendix A. 

In general^ no difference in_ types of errors^^^^ 
hbtecl between pretest behavior and Interview behavior. 
The major errors on the pretest items were also^ the 
major Errors when the items were used in the interview^ 

Twelve of theitems were matched. That is, six of 
the items in the first set were matched with six of the 

items in the second set. These items allowed us to 

compare oerfbrmarice on the usual paper-and~pencil format 
with perforntance under the more unusual interview 
format. The matched items are indicated in Table 2 of 
Appendix A. 

One item was not included in any analysis (Item 
20). This item proved to be too difficult for bur 
sample bf sixth-grade children. Most^of the students 
did hbt attempt to solve it? the remaining ones made 
idibsyhcratic errors that could not be easily 
interpreted. 

Recbrding of Data 

Each interview was tape--recordedi In addition # the 
interviewer recorded as any observations as possible oh 
special coding sheets. Using the procedures described 
abbve^ we found that the interviewer could transcribe 
almost word _ f bi word the student's _ description of 
his/her prbblem solving. The tapes served primarily 9S 
back-^up data recordings. 

Since the interviewer recorded most of the 

student's statements during the interview^ complete 
trahscriptibh from, the tape recordings was not 
necessary. Instead^, each tape was played^ and any 
information hot already recorded by the interviewer was 
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added to the coding sheets. This procedure wa? guit^ a 
Bit faster than the usual . transcription of interview 
prot5a5isi In general, the interviewer was abl^ to 
record almost every statement of the students. a 
later time, the final 35 minutes of each tape was played 
(omitting the 10 mihUtes used in the pretest)^ and _ any 
additional comments were easily added to the original 
coding sheets. Few transcriptions were needed. 

One particular advantage of our data recording is 
that we 'avoided the problem of trying to interpret_^a 
student's statement that did not record clearly. ^ In 
practice, this procedure meant that much of the data 
were available immediately for analysis; 

General Results 

P r etest^ Respoh s e s 

In general, students found the nineteen items to be 
difficult; The average proportion of students correct 
per item was 0.364. Boys were somewhat more ^ ^successful 
than girls (0.405 versus 0.3272) but the difference is 
not statistically significant. ftverage prbportions 
correct for boys and girls on the two sets of items at 
the two schools are given below: 

Sdhool 1 Sciiool 2 . 

Set 1 Set 2 Set 1 Set 2 



0.359 0;5O9 0.333 0;420 

Girls 0.343 b;342 0-296 ^ 0^329 

Proportions are analyzed rather than total test scores 
because the elimination of one item created |n 
inequality in the number of items on the ^^^^^^f^^^^ 
N5 statistical difference between sex, schools, pr forms 
was found. Thus, for the remaining discussion, no 
distihction is made between forms or schools. 

ihterview Responses 

It is infeasible to compute average proportion 
Correct for the interview items because not all students 
attempted to solve all items. ^f^^J^^^ Ilnefai 
attempted only seven, eighty or nine items. ^"^fenerai, 
thPir responses to the items were more complete and 
leSqthy than other students, and they simply ran out of 
liSe IH these cases, the interviewer used her 
discretion in selecting items for the student to answer, 
fl ?h§^tSdent had shown little difficulty 
the initial items, the interviewer selected those items 
with greater difficulty when time was limited. Mosh 
leUdent! who were aSabie to jsolve the items had no time 
Sbhs??iiht becauii thiy merely said they could not solve 
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ah item, arid the iriterviewer producea the next item; 
Eittle time was spent on items that were too difficult; 

It is possible to determine the average probability 
b£ success per item for boys arid for girls by dividing 
the numbers of successful individuals by the number of 
students attempting to solve the item. These ^ 
probabilities are given for both pretest arid _ interview 
in Table 3 of Appendix A. Separate probabilities for 
each sex are also given in this table. 

One objective here is to ideritify characteristic 
errors of students over the set of story problems; The 
responses by sex to the items are given in detail in 
Apperidix B. It is clear that there are some errors that 
are more prevalerit iri girls'" responses than in boys^'r 
arid there are errors, that are more common in boys'* 
resporises thari iri girls'*. 

For example r cbrisider Item 16: 

M^y has 15 hair ribbOTs. She gives 1/5 of th^-to M 
How many hair ribbons does Mary have left? _ 

One ribticeable error made by boys is to compute: 1/5 x 
15 = 5. These studertts then continue to solyethe 
problem with the iricdrirect value of 5; This error r 
accordirig to the students'" statements^ is not simply an 

error iri arithmetic but is an error in the students'* 

perception of fraction. A common explanation for this 

result is that "There are three fifths in 15; If she 

gave one of those away^ she would have two of the fifths 
left^" Thise students go on to state that a flfth^ is 
equal to five arid therefore the quantity 'two-fifths^ is 
teri. 

The most noticeable error in girls" responses is 

the subtractibri of the fraction 1/5 from the quantity 

15. Many more girls than boys' attempted this 

cbmputatibrty and they gave as a final answer 14 arid 4/5 
hair ribbons. 

There are similar errors on other i terns However r 

it shbUld be pointed oat that boys and girls ^ make 

similar errorsr and those identified as characteristic 
bf brie sex are not exclusively mistakes of that sex. 

Resporises to Hatched Items 

Six bf the items on each pretest were matched with 

six Items given in the interview (see Table 2 of 

Apperidix A) . A comparison of boys" and girls" rates bf 
success bri these items allows us to infer the degree to 
which bur interview procedures interfere with studerits" 
problem sblving. 
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N5t ail students had sufficient time to. respond^ to 

all items. enly those attempting ail twelve B^Pblems 

are included in the analysis. Sixty students did so. 
32 boys and 28 girls. 

The average numbers of items answered correctly by 
boys and girls are given below: 

pretest interview 

Boys X 3.1. 3-8 

SD 1.33 1.32 

Girls X 2.6 2.9 

SD 1.40 1-46 

An unweighted-means analysis of repeated "^^J^"^^^ -yjl];^! 
significant F values for tests of sex and of repeated 
telting. There are significant ^differences between boys 
and girls, E (1,58) = 4.567, £< .05, and between th^ 
pretest performance and interview performance of all 
childrenl_..£^Xl.iaJ,-_^^ -Ol- ^-QS level. 

The difference between boys and girls ^ is less than 
the difference between pretest and interview responses. 
It-wa^expect^d that both boys and fj'^i^^ 
somewhat better in their ^^esponses to the interview 
items for two reasons: (1) ^he interview procedures 
focused attention bri the features of the item and ^2^ 
repetition of items having similar formats f^^equently 
improves performance. In the interview, a student i| 
more likely to avoid careless errors because he/she is 
alked ^r explain each step of the Problem-solving 
process. Many students corrected themselves as they 
made these explanations. 

Post-hoc analyses indicate that the significant 
findinqi of the repeated-measures tests are occasioned 
By the difference "^in boys' pretest and interview 
responses. These are significantly different, Jt (42) = 
responses similar comparison for girls yields a 

value of t-tess than unity. Additionally, no difference 
is f5und between boys and girls on the pretest ?tems. 
we conclude that boys make significant gains in the 
intefv?Iwiorn,at, eithir because it reduces their errors 
of arithmetic csr because it enhances their abilities to 
identify prbjper strategies for solution. 



sex Differen ces in Errors 

Most of the errors made by students durin| the 
interview fall into three classifications:^ (1) errors 
in recognizing important information in the statement of 
tSe IrSbleml (2) errors in selecting the proper 
arithmetic operation to perfprm;^ or (31 J'^fo^J^^E 



IrithmetiC fScts. Only the first two are of interest 
here. 
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Boys and girls appear to be equally likely to 

recognize or fail to recognize the underlying structure 

of an item. ftil children were_ relatively weak in 
Identifying the general form of a problem. This is 
apparent in the lack of consistency in students' 
responses to matched items. Frequently^ a student chose 
one operation on one item in the pretest and selected a 
different operation for the related item in the 
interviews This is discussed more fully in Marshall r 
Note 3^ attached as Appendix E. 

Three strategies of problem solving are evident in 
the students' , responses. The first approach requires 
processing of all information :ih the problem and using 
it effectively^ The second approach focuses only on 
particular key words in the item, and the choice^of 
operation is direeted by the words that are noticed. 
The third approach is a form of guessing: selecting an 
arithmetic operation on the basis of the relative size 
of the numbers in the item. 

Consider Item 17 _ of Table Ir Appendix A. The 

general structure of this item is given in Figure 1. 
The difficulty of the item is in determining the amount 
to be removed. The_ correct, solution depends upon 

recognition of the fractional component and the 

trahsfbrntatibh of the fractional gar t of the whole to 
units of the original quantity. Thus, 1/3 of the cards 
means 1/3 of the quantity 12 which is 4. This amount 
is removed frbm_12 arid the resulting 8 is the correct 
response. Students operating under the first strategy 
defined above would work the problem similarly. 

The second approach focuses on key words i There 

are two choices of key words in this item: o£ and have 
left . Students atteriding to the word o£ seek to perform 
the bperatibri bf multiplication. If questioned about the 
choicer many respbrid with statements such as "My teacher 
says OP always means multiply." ThuSr the general 
structure of the problem is never perceived. These 
students simply multiply 1/3 times 12. The other choice 
of key words leads to the operation of subtraction i 

Students fbcusirig bri the wbrds "have left" apparently 

searchfbr two riumbers. They find the quantities 1/3 
arid 12 f arid they subtract the smaller from the larger r 
finding ari answer of 11 2/3. Although this is an 
illbgical choice (one does not generally have 2/3 of a 
baseball card) , the students are satisfied with the 
result. 

Fbr this particular itemr the guessing strategy 
based upon the size of the numbers usually leads tb the 
respbrise bf 1/3 x 12. A student .using this strategy 
makes a response such asr "Oh^ . . . r i don"* t know. . . 
I guess I would multiply." When asked why he/she 
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muitipiea, the student is anabie to ftate a reason. 
ftoDarentiv, students realize that when given a. simple 
fflction^anf a whole number, the most likely operation 
to be required is multiplication; 



A Model Of Student Berfbrmarice 

Students exhibited differences •^^^^nitive 
processing during the interview; One °^ o^'^/^^^f^^g 
goals was to model these differences, A useful _ method 
of modeling individual performance on ^ ^°"'Pj,^^,''^^''^^| 
a produ5tton system. Such a system is made up^ot ^ a sfc 
of rules, each having two components: condition and 
action; The condition of a production rule must be met 
before the action specified in the rule can be taken. 
The system consists Of'^the set ^V^^^ ^ -^jSfn'ina 

called working memory, and a mechanism^for^m^intainin| 
goals; The set of rules reflects the individual s 
knowledge of arithmetic and his/her general strategies 
of problem solving . Working memory contains ^bit^^P^ 
iSformatibn gleahed from the problem currently being 
solved! ?he goa? structure reflects subgoals set^by the 
individual al he/she solves a problem. Computations to 
be taken or transformations to be made ^"^^ ^;;j"!fi^^^„ff 
g.-.als; The conditional statement of a production rule 
defers to components Of working memory or of the goa± 
list; 

Th^re are 64 production Suies. A subset of the 
rules is given in Table 4 of Appendix A. The system ts 
IroqramlSa in tlSP and runs on a VAX computer under the 
UNIX SplratlSg system. The list of rules given in Table 
4 is translated from the fcISP notation to a more 
reliable fbrm. In practice, each production consists of 
Iwi BiSP statements. The first statement ^^^^tains the 

conditional statement, ^ Jl^''^''^^ tgf l^^H 

statement is positive, the second statement of the rule 

is executed. 

During execution of the system, each production 
rule has some probability of being called. However,^it 
is inefficient to have the system scan each production 
ruil every time a rule may be needed- because many rules 
will br?hcapable of firing in the P^'^ticular situation. 

elampleT if ^here are^ no numbers contained in 
working memory and the immediate .f^fl ^ ^l^.^'^^f 
identification of numbers from text. ^^^at 
computing tprocessingl time to scan ^i4?^°|"^^|f"|g'^^5S 
^necifv how two numbers can be combined^ Since_^ two 
numblfl db hot exist already in working memory, these 
rSies cannot possibly be Used at t^^^ 
rather than scanning every rule in the ' ^^"1^ ^ 
r^r n^rfcirtent rules are evaluated. A rule havtnq^a 
latislied conditional statement is selected and the 
Ippro^riatr action for the rule is taken; This action 
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generally mbaifies either working memory or the goal 
list for the problem. Thus, there exists a new 
conf iguratibh for the system. Processing ^begins anew, 
and the system searches for _a production rule whose 
conditional statement is satisfied; 

One feature of the current system is that it 
attempts to find rules that operate on the most recent 
entry" in working memory and on the most recently 
established goal. Thus, if the goal list contains the 
subgoals of making a transformation from whole number to 
fractional form and also Of subtracting the transformed 
number from a second^ the transformation goal takes 
precedence. Qhce the transformation is complete^ ^ the 
gbal is Removed from the list and the inost^ immediate 
goal tc5 be satisfied becomes that of subtraction. 



Unlike most production systems \ that model 
individual performance, the current system contains 
several strategies for solving problems. Thus, there 
exist decision points at which several production rules 
might be executed, each leading to different solutions. 
The choice Of rule in this case depends upon the 
probability with which actual students ^sed each 
strategy. 

The current system is designed to model student 
performance on the pair of problems. Items 7 and 17 (see 
Table 1 of Ajppendix A). It also models behavxor^ on 
other problems requiring fractions and with slight 
mbdificltion can model all but a few of the nineteen 
prbblems Used in the present study; 

Three Strategic 

Three general strategies bf prbblem solving are 

mbdeled. These correspond to those described in the 

previbUs section: (1) recognition bf general structure, 
(2) key word identification, and (3) guessing patterns. 
These three strategies contain a surprisingly large 
number of common production rules. The strategies 
differ only in the inclusion or exclusion of a few 
important rules. Thus, the same system can model 
performance by a diverse set of individuals. 

Figure 2 illustrates the complete production system 
as a network of arcs and nodes. Presence of a 
particular arc means a prbduction rule exists that 
allows the system to mbve from one hOde via the arc to a 
second node. No individual would have the complete set 
Of aires and nodes shbwn in this figure. Rather^ some 
arcs would be missing, indicating that the individual 
would not be able to employ, a strategy requiring the 
associated productions. The re^- ire several poiats of, 
entry into the systgmi Th%© are denoted by the 
unlabeled small circlesi ' 



Execution of the system Under each, of _the three^ 
strategies depends upon defihihg the initial state of 
the system. Under the recogni tibh-of-general--stracture 
strategy, initialization begins at the upper left start 
position of Figure 2. if the strategy is that of 
guessing, the initial goal becomes to identify two 
numbers. If the strategy depends upbh determination of 
key words, clearly the initial goal must be to recognize 
key words in the problem. Many of the same production 
rules will then be called, but they will be executed m 
different otder. For example^ in the.guessing Strategy, 
first the numbers will be identified and relevant 
features about them noted. The choice of arithmetic 
operation will depend upon which features are recognized 
(l.g., large and small numbers or fraction and whole 
numbers). For the key word strategy, the key word 
determines the operation, and the numbers to be gper:a|ed. 
oh must then be identified. Choice of operation 
determines the features of the numbers to be noted. 
That is, if subtraction is to be the operation, the 
system must identify b5th a large arid a small number. 
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In both studies carried out herer girls were more 
likely to make error s leading to illogical responses and 
errors resulting from guessing 3trategies^ However, 
both boys and girls were weak in solving story problems 
and could benefit a great deal from further instruction. 
A large number of children seemed to believe that there 
were firm rules to apply in, solving story problems and 

that these rules could be applied just as one applies 

rules of subtraction or mujtipiicatibh. Girls may be 

more likely than boys to make stxch assumptions. Very 

few students demonstrated ability to think about the 
problems and discern the underlying structure of the 
statements. (The manuscript in Appendix D discusses 
this issue in greater detail 

Results of the production system simulation show 
that the three predomihaht strategies used by boys and 
gfirls are related^ Many cbihmbh nodes and arcs exist 
within the three approaches. The similarities between 
the strategies and the rules executed for each on^ 
suggest that the strategies are deyelopmentally related. 
The strategy of guessing requires the fewest production 
rules; no parsing or uhderstanding of the text is . 
needed. The strategy is context-free. The key-word 
strategy is slightly more complex than the guessing one. 
The entire text is hot processed^ but isolated words or 
phrases are understood arid the choice of arithmeic 
operation depends upon the words that are noticed. 
Finally, the strategy requiring recognition of the 
structure of the problem depends upon the entire textr 
and as such requires the largest number of production 
ruiesi 

There is sbme_ evidehce that this hierarchical or 
deveibpmehtal relationship exists in sixth grade 
students. Oh the very easy problems- (see Items 4 and 14 
of Table 1) r alntbst. ali students described the general 
structure bf _ the problem. They discussed cookies in the 
box or apples in the basket with confidence r and their 
justiEicatibris bf operation referred to the content of 
the item rather. thari_ to key words or .numbers, in 
contrastr oh the Items 7 and 17r many 'of these same 
students fbcused on the key words. Thus ^ the words 
^have left^ meant subtraction or the word ""of^ meant 
multiply. Little or no reference was made to the 
situatibris described, in the items or to the tanits being 
manipulated (cards or ribbons)^; Finally r on items 3 and 
13 many bf the students could not find key words (or 
did ribt attempt to locate them) and they opted^tb divide 
or multiply with no justification other than ^it seems 
right^ br ^maybe 3 goes into 24^. 



29 



I 



19 



The impltcatibh is that when, all else fails, ^the 
students fail back on comparing the s^zes f 
Ih art item; If the item is easy, _ almost all students 
iSn think about the context of the problem and can fraine 
Weir responses in terms of the context. For mQie 
difficult items, there may be too much information^for 
this to process and they ignore many of the contextual 
References. When the problem is not understood,^ all 
con?ixtSSl clues are ignored and the numerical values 
albrte are processed. 

Girls did perform better than boys on computations 
and worse than b5ys on story problems. These results 
|?i clear in the large Galifornia data set Sirls al|0 
were slightly more proficient in reading than boys.__^At 
first glance, these seem to be contradictory results. 
If gills are better readers and better at solving 
computations, why are they weaker .in solving story 
problems? 

The results of the student interviews in Study _ 2 
offer one explanation for this discrepancy. Girls who 
sSlve computations well are accustomed to selecting one 
or possibly two ^ules which they then use Performing 
?hei? calculations. Proficient ^^^^^^f ^^J^^^^^^^^? 
rules in memory readily and can achieve the^correct 
cdm^Scat^on! Such students may attempt to transfer this 
appfoach to the solving of story problems. After all. 
firm reliance 5n rules has been consistently ^^ewarded in 
computations. Teachers often introduce methods of 
sroblem-so-ving as if rules can be applied in story 
I^Sbiems as well as in computations^ Examples of such 
rules are (i) identify or isolate the numbers m the 
problems Sany studlrtts explained carefully to us that 
?Kir teachers always had them write down all numbers in 
f "pro5ilm): or Uj'^foeus on^ce|tain words in ^ 
with the objective of identifying the necessary 
operation to' perform ("My teacher says OF always means 
multiply" is a common response) i 

S.in>e boys tend to score less ^^ll on tests of 
computations than do girls, "^J^^^^^ '^H'lH 

postulate that boys are not as rule-governed^§s are 
.g?rls and that, consequently^ they are not tempted to 
fit story problems into known rules or jjgf'^jthms. 
Fufther study is necessary to determine if this is the 
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Table i 



All items Used In Stddy 2 
Set i 

(1) A girl has a blank piece of pape^. She writes eight wo^ds 
on the paper, erases five, and then writes nine more. How 
many words are on the paper? 

(2) Janet sjpehds 2/3 of her allowance on school lunches and 1/6 
on ehtertaihmeht. What part of her allowance is left? 

(3) R case Of soda contains 24 bottles. If one out of every 
three bottles is empty, how many full bottles of soda are 
in the case? 

(4} Thirty apples fill a third of a basket. HOw many apples 
are in the basket when it is full? 

^5) You've been asked to set the table for your family f-*r^a 
week. There are six members of your family, and you have 16 
Seals together each week. ftt every meal, you give each 
family member a knife^ a fork, and a spoon. How many 
utensils do you set in place during the week? 

(6) When it left the station, a bus was carrying 40 passengers. 
It made five stops, ftt the first two stopsj, no one got of f 
the bui, but 5 and 7 passengers got oh. Eight passengers 
got off at each of the last three stops^ and no one got on. 
How many people were on the bus after the fifth stop? 

(7) Mary has 15 hair ribbons. She givei 1/5 of them to ftitce. 
How many ribbons does Mary have left? 

IB) A parking area can accommodate 24 buses^ If 5 cars can 
be parked in the space used by 3 buses, how many cars can 
be parked in the parking area? 

(9) Pam counted 7 heads and 24 legs On her pet hampsters and 
jparakeets. How many 6f Pam's pets are parakeets and how 
many are hampsters? 

(10) Chris drove from Santa Barbara to Ojai to Ventura and 
to Santa Barbara without going back to Ojai. Altogether 
he drove 90 miles. The distance from Santa Barbara to 
is 26 miles, and the distance from Santa Barbara to Ojat 
is 33 miles. What is the distance between Ojai and Ventura? 



Set 2 



(11) ft baby came to a staircase. She climbed up £±ve steps^ 
climbed down three steps, and then climbed up six steps 
and was at the top. How many steps were in the staircase? 



(12) When Mike and Sally cams home from school they found 
a chocolate cake. Mike ate half of the cake, and Sally ate 
a third of the cake that Mike had left; How much of the 
whole cake was left after Sally ate her piece? 



(13) ft bus has seats for 48 passengers. If one out of every six 
seats is empty, how many passengers are on the bus? 

(14) There are ten cookies in half a box. How many cookies are 
in the box when it is full? 

(15) You have been chosen as manager of your school band. There 
are eight members of the band, and they will have 11 
practice sessions this year. If you have to put away ah 
instrument, a music folder, and a music stand for each band 
member after every practice, how many objects will you put 
away this year? 



(16) When it arrived at the elementary school^ the bookmobile 

had 85 books. One student returned 8 books and checked out 
11 others. Two more students brought back 4 books each, 
and another student checked out 6 books. How many books 
are now in the bookmobile? 



(i?) John has 1*2 baseball cards. He gives 1/3 of them to Jim. 
How many does John have left? 



(18) In a grocery display, there are a dozen watermelons. Each 
melon takes up the same amount of space as 8 oranges. If 
the grocer decided to replace half the watermelons with 
oranges, how many oranges would he heed? 



(19) ft group of bicycle riders took a three day trip. On the 
first day, they traveled 14 miles further than they had 
originally planned. On the second day, they went 8 miles 
less than they had planned* and oh the third day^ they 
traveled 16 miles more than they had planned. If the bike 
riders actually traveled a total of 180 miles in 3 days, 
how many miles had they originally planned to bike? 

(26) How many tiles would you need to coyer the floor of a room 
that is 8 feet wide and 12 feet long if every tile is 4 
inches on each side? 



Table 2 



Matched Items for Pretest and Interview 

(i) ft girl has a blank piece of paper* She writes eight words 
on the paperr erases fiver and then writes nine more. How 
many words are on the paper? 

(ii) ft baby came to a staircase. She climbed up five steps r 
climbed down three stepsr and then climbed up sixsteps 
and was at the top. How many steps were in the staircase? 

(3) ft case of soda contains 24 bottles.. _ If one out of every 
three bottles is empty r how many full bottles of soda are 
in the case? 

(13) : ft bus has seats for 48 passengers. If one out of every six 

seats is empty/ how many passengers are on the bus? 

(4) Thirty apples fill a third of a_ basket. How many apples 
^re in the. basket when it is full? 

(14) There are ten cookies in half a box. How many cookies are 
in the box when it is full? 

(5) You^ve been asked to set the_ table for your family for a 
week. There are six members of your family r and you have 16 

meals together each weHk. At every meal^ you give each 

family member a knife r_ a forkr and a spoon. How many 
utensils do you set in place during the week? 

(15) Ydu have been chosen as manager of your school bind. There 
are eight members of the band^ and they will have 11 
practice sessions this year. If you have to put away ah 
instrumehtr a music folder, and a musicstand for each band 
member after every practicer how many objects will you put 
away this year? 



(6) When it left the stationr a bus was carrying 40 passengers. 
' it made five stops. At the f irst twostops r no one got off 

the buSf but 5 arid 7 passengers got *oni Eight passengers 
got off at each of the last three stops, and no one got oh. 
How mahy people were on the bus after the fifth stop? 

(16) wheh it arrived at the elementary schoolr_ the bookmobiles 
had 85 books. _ One student returned 8 books and checked but 
11 others. Two more students brought back 4 books eachr 
ahd another student__ checked out 6 books. How mahy books 
are how in the bookmobile? 

(7) Mary has 15 .hair ribfcJons. She gives 1/5 of them to Alice. 
How many ribbons does Mary ha^e left? 

(17) Johh has 12 biseball cards i He gives 1/3 of them to Jim. 
How many does John have left? 
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Table 3 



/ 



Proportion eorrect of Boys and Girls oh 
Protest and Interview Items 



ITEM 



PRETEST : 

BOYS GIRLS 


.95 


.96 


.29 


.15 


.24 


.12 


.62 


.46 


.48 


.27 


.33 


.27 


.33 


.12 


.38 


.31 


.81 


.56 


.38 


.27 


.43 


.48 


.Dg 


.22 


.13 


.04 


.25 


.30 


.65 


.39 


.13 


.29 


.22 


.22 


.96 


1.00 


.30 


.13 



INTERVIEW^. L 
BOYS GIRtS 



(1) paper 

(2) allowance 

(3) hampsters 

(4) busstop 

(5) parking 

(6) soda 

(7) ribbons 

(8) driving 

(9) apples 
(lb) meals 

(11) baby 

(12) cake 

(13) bikes 

(14) bookmobile 

(15) melons 

(16) busseats 

(17) baseball 

(18) cookies 

(19) band 



1.06 
.14 
;3B 
.6B 
.62 
ii8 
.13 
.39 
i74 
.17 

i.od 

.25 
.50 
.75 
.80 
.45 
.50 
1.00 
.59 



.95 
.05 
.15 
.35 
.16 
.24 
.04 
.17 
.52 
.33 
.88 
.09 
.32 
.43 
.75 
.19 
.30 
l.QQ 
.62 



♦This table contains only responses of individuals who _ had 
sufficient time to attempt the items. The items are gj.ven 
in full in Table 1 of appendix ft; 
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Table 4 

ft Pbrtibri of the Production System 



RULE CONDITION 

pi If strategy is key-word dependent^ 
and working xhembry contains neither 
key words nor numbers 

P2 If key word is HAVE LEFT 



P3 If operation is subtractionr 
and there are two numbers in' 
working memory but they have 
hot been classified^ 

P4 If bpiratiori is subtraction^ 

and wbrking membrry contains a large 
and a small number r 

P5 If ah bperatioh has been carried 
but^ and if the strategy is based 
oh key words / 



ftGTION 



Locate a key word in text. 



Select operation 
subtraction- 

Identify large and small 
values i 



Subtract small value from 
the large one. 

Return the result of. the 
operation as the answer. 



2? 



Figure i 

A general model of the urideriying structure of Item 17, 




unii 



proportion 
of original 
quantity 
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Figure 2 

0 ----- 

Gtaph network corresponding to the full production system. 
. production system; 
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Stuaeht Responses to Pretest and interview items 

PRDBLEM: A girl has a blank piece of paper. She writes eight wbras 
on the paper r erases fiver and then writes nine nore. How 
inahy wDrds are on the paper? 



eORREiCT STRfiTBSIES: 

(1) One strategy_was used predominantly: 8 - 5 + 9 = 12. 
mrSBSnEW: 22 bqysr 1? girls 

PRBTEST: 20 bc^r 21 girls 

(2) Drew 8 marks? crossed out 5; drew 9 morei 
mKRViEW:_ 0 students 

PRETEST: 0 bcySr 1 girl 

p) One_ student read ^eighty^ for ^eight' and then solved the item 



lOTEHVlEW: 0 students 
PRETEST: 0 hcy^s, 1 girl 

(4) N o work s hown; correct answer i 

INTERVIEW: 0 Students 
^ PRETEST: 0 bc^Sr 2 girls 

INO^RBCT STRKEEIES: 

i 

(ij S ome students added all mStoers. 
\ INTERVIEW: 0 b^r i girl 
PRETEST: 1 b^r 1 girl 



(2) &xTie_students did not have time to solve the problan. 
I INTERVIEW; 1 bey , 3 girts 
PRETEST: 0 Students 

PROBLEM: Janet^nds 2/3 of her allowance on sdxsol lundhes and 
1/6 cm entertainment. What part of her allowance is left? 



OORRBCT CTRATSsiES: 

(li CWLy OTe strategy was used. Students first added the two fractions 
I "to find out how imid^she spent**. Uhen they subtracted from 
I 6/6 ("the whole allowance") 
I INim/lEW: 3 b^r i gtri 

j PRETEST: 6 beys 4 girls ' 
INQDRJECT SS^tMffi^S: 

(1)1 keyword: HOW tCSS imr? &:any students, elected to s^ 

\of the keyword, jai sii3tracted the smaller fraction from the larger 
lOTERVIEW: ±2 bpys, 9 girls 
PRET^: iO boys, 12 girls 

\ i le 

i 



B^2 

(2) additian: first step of correct i5it:tioS. M6 the two fractions. 
TOTCRVIEW: 3 boys,- 2.girls 

PRETEST: 2 boys^ 1 girl 

(3) Tbtal not given: Four stuaents said the probiem could hot be solved 
because the amount of allowance was not given^ fhe^twb^bbys^ 
attempted to solve it anyway. One made up a quantity^ (5^90) 

and worked wiSi it. The other reached the sum 5/6 and then 
said that "You would subtract that fron the whole thing^ i£ ^ 
you knew what it was." The girls simply said it oouldh t be done. 
INTSWIBW: 3 bbys^ 4 girls 
Pi^SEST: 0 bbys> 1 giirl 

(4) Division: divide 1/6 / 2/3 
INTHWiEW: 0 students 
FINEST: 0 bpys» 1 girl 

(5) Sane students rah out of tijne before atteiptihg this one. 
INlHWiBW: 2 boys> 4 girls 

Pf^ECT: 0 students 

(6) On tee pretest, two students left the itm blank. Interview 
response was '&)n't know'. 

INl'tlkVitW: 0 boys ^ 3 girls 
PFBB]ffiST: 2 boys, 6 giirls 

(7) Unique or unclear responses. 
INIKWIBW: 0 students 
PiSlEST: 1 boy, 1 girl 

PI®BE£M: A case of soda contains 24 bottles^ If one out pf 
every three bottles is ai^ty, now many full bottles 
of soda are in the case? 

CORfECT STRATB3IES: 

(1) Itost students correct on the item solved it by dividing 24^^^ 
^ 3 and then subtracting the resulting 8 from 24 ianswer 16) . 
T^ itudehts oh pretest did not show first step Wt _^ 

did 24 - 8 = 16 only. One student on interview charged 
represehtatibh to multiplication rather Siah division for the 
f irit step and to addition rather than subtraction for the 
second step. 

R;ra^W£EWi 3 b^i 5 girls 
PI^^ST: 6 boys, 5 girls 

(2) Correct 1^ drawir^: 3 oolimms of 8 slashes, or 24 circles 
with every third one marked out. 

INTERVIEW: 0 students 
Fl^TESri 0 boys, 2 girls 
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(3) One student wrote \±e series of hurribers 3r6,9rl2riiif24i^ Under 
each of these he wrote a "2". He counted the number of 2 s for 
t he corre ct answer. 

IN TKKVlh W; b students 
PRETEST: 1 bqy^ 0 girls 

(4) One student divided 24 by 3 and olDtained 8. He then Sultiplied 
8 X (3 - 1) = 16. This student slKwed evidence of transfer 
tecause he said he ccniLd now solve the bus seats problem. 
lOTEPVIEW: 1 bcyr 0 girls 

PRB3EST: 0 students 

INOC»RBCr STRKTBSI^: 

(1) MDSt of the students irade pie SOTie error— th^ aivi^ 24 by 
3 and ccaisidered that to be the answer, When asked wlrg^ they 
divided r 5 said "because 1 out of every 3 was ertpty" . (2 bcysr 
3 girls) ; 4 said they divided "to seejkw mar^ are full" 

(3 bcysr 1 girl[^ 2 (bpys) said "to see how many are empty . 
lOTERVIEW: 10^ bpys r 8 girls 
PRETEESP: 8 boys, 13 girls 

(2) 1 sti^ent muiti^iea 24 x 1/3 = 8. Could not say multtEaiea 
IN^mSHz 0 bpys , 1 girl 

PRETEST: 0 students 

(3) Several stadtents subtracted 3 from 24. 
One pretest response 21 with hb wrk. 
INTSWmf: 3 boys, 3 girls f 
irarraST: 1 boy, 0 girls 

(4) Misoeilaneous errors: each respDnse is uniques 
INTHWm*: 1 bbyr-1 girl 

mS^SSTz 0 bqysr 2 girl 

(5) Several students subtracted 3 - 1 = 2 (since took one away) 
and then divided 24 by 2 to get 12. 
ims^^^mit 3 bpys^ 1 girl 
lOTfEST: 0 bcySr 1 girl 

(6) btiier responses of 8:_ one studeiS transfbnned Qie ES<*)l.€sn 
into nrcatiEaicatibh C3 x 8 = 24) and answer ^ 8. 

TV^ students cMi pretest regxsnded 8 with tto works 
n^^W^BW: 0 stlflerits 
i^QSffiSP: 2 boys, 1 girl 

(7) Several students dduld not solve tiie problen in the interview, 
f^etest respcmse was blank. 

iOTERVI5W:_ 1 b^,_2 girls 
H^TEST: 3 bc^, 2 girls 

(8) Seme students ran out of time on interview. 
iSreE^nSff: 1 2 girls 

KEEEST; 0 students 



4. PK3BLEM: Thirty afples.fiii a third of a baskets Ito^^ inahy afsplcs 
are in the basket when it is full? 



(1) Multiplication: 30 x 3 = 90. Re«gnize that 1/3 equals 30. 
State need to find what eguals 3/3. 

INTERVIEW: 8 boys ^ 5 girl 

PRETE^S: 12 bpys^ 7 girls ; 

(2) Multiplication and a^ition: (2 x 30) + 30 = 90. PeoDgnize^ 
that i/3 b£ basked is accounted for and find what is needed for 
rCTBteing 2/3. look for explicit mention of 2/3 in this strategy. 
iNT^WSEW: 5 b(^r 3 girls 

KffiSEST: 0 students 

(3) SaditicMi: 30 30 + 30. Frequent stress on keywords "Ikw many". 
n^iWIEH: 1 bpy, 2 girls 

fM J i a i ST: 2 boys, 0 girls 

(4) Division: 30 divided by 1/3. Students using this strategy 
owiLd not ex^aih v*iy they did so. 

INTEEWIEW: 1 boy^ 1 girl 
VEETE^x 6 students 

(5) Solving \yy analogy: 1/3 = 30; 2/3 = 60; 3/3 - 90. 
IwrEtW±±W: 0 students 

PRBl^T: 1 bqyt 2 girls . 

(6) Solution by drawir^: drew basket divided into thirds and then 
noli tip! ied or added for correct answer. 

INTEEW^: 1 bqy^ 1 girl 
PPETEEST: 0 students 

(7) 1 student knew the answer was 90 but had no itfea how he ^ 
readied titat response: "I can't tell you. i have it in my head. 
I^etest responses had correct answer but shewed no work. 
INTERVHW: 1 boy^ O girls 

j/kb.'l 'BOT : 2 boys^ 4 girls 
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INObRRBCT S^STBSIES: 

"(1) Several stUdwits a^^d 60. They eiSier added 30 30 = 60 
or responded 60 ah^^^^ nc worki 
INiK«^EW: 0 bo5^^ 2 girls 
PF^^T: 1 boy, 1 girl 

(2) donibinatioh of numbers: 30 and i/3. Two girls aSa^, because 
30 and i/3. ^ girls added, because "it says iww mar^ are_in 
"it s^ how mmiy are its the basket when it s ftd.1." IVo girls 
and one boy subtracted i/3 frcm 30. Pour^multiplied. T*^ 
bcg^ obtained 10; one girl answered 91; one girl responded 3Q/3. 
INTERVIEW: 2 bo^, 4 girls 
PRE^SF: 1 boy, 2 girls 

Si 33 
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(3) 2 (interviews) responded 12Di One appeared to believe that 36 x 3 
is 120. The other multiplied 4 tiines 30 r iSplying that she 
interpreted thirds as quarters. One pretest response added SO + 9 
lOTKlVIBMfe 0 boys f 2 girls 

PRETEST: 1 boyr 6 girls 

(4) 2 students guessed the response of 50. One girl thought it 
had son^thing to do witii 1/2 and reached 50. One bey 

saw it as an addition problem and added 20 30. 
INTERVIEW: 1 boyr i girl 

(5) Miscellaneous errors: unique sbluticxis. 
INTEEWIBf: i b^r O girls 

FREEST: 6 bqysr 4 girls 



(6) Some students had no idea arid did not try to solve it. 
CorrespOTding re^hse oh pretest was to leave item blank. 
lOTEFWHW: 2 bc^r 2 girls 

FREEST: 2 bpySr 5 girls 

(7) C^e student had ho time to attai5)t solution. 
INiEFTiTIB^: 0 Students _ 

ERETECT: 9 boySr 1 girl 

Ipmmmi You've been asked to set the table for your f amly for 
a weeki ^ere are six metibers of ycRir fanily^ and y^ 
have 16 meals together each week. At every meal r yoa 
give ea^ family mgtt)er a knife r a fork, 2uid a spoon. 
How many utensils do you set in place during the week? 

dORRBCT STRSfEiESs 

(1) 16 X 3 = 48 fbllbwed by 48 x 6 ^ 288. First found # utensils 
used by one person for the week and then raultipied by 6 because 
there are 6 inanbers in tiie family. Students_using tiiis strategy 
douid hot ^at the result of the first qperatiai meant* 

student (fOSr imfl.tiplied 16 x 6? labeled 96 spoons r 96 forks 
and 9B knives ^ 
INfESWiS?: 1 boyr_3 girls 
I^^BST: 0 boySf 1 girl 

(2) fts abwe but with reversed order of c^ratlOTs: (16 x 6); (96 x 3) 
INTS^^T^: 1 boyr -0 girls 

F^T^i 2 bqySr 3 girls 

(3) ^e sec36hd strat^y begins with 3 x 6 = ±8 (fjatenstLs used 
at aiw meal) . Jai students using this strategy specified 
this was i used at one tfie^. Then 18 x 16 = 288 for 16 meals. 
INTHWIEW: 2 bpys^ 4 girls 

PFffiS^: 6 bqySr 4 girls ^ 

.14 
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(4) There were 4 partial soiutions in the interview. 

a. 3 X 6 = 18 (# utensils needed in i ine^) * 
JNTERVIEW: 3 fcc^s, 0 girls 

S^^TEST: 0 boyr 1 girl ^ 

b. 6 X ie = 96 (# tneals all maitoers attended) 

One girl added st^ of 16 x 3, but did not knew the _ 
relationship betweCii the two answers; one boy divided 
.96 by 3^ 

INTERVIEW; 1 boy, 2 girls 
PRETTEST: 0 bc^s, 2 girls 

c. 1 6 X 3 = 48 (# utensils for 1 person all week) 
INTERVIEW; 5 1^^, 2 girls 

EREHIST: 4 beys, 6 girls 

(5) Many students had interference from outside infonnation. They 
attCTl>ted to use the number 7 (for seven days in a week) in _ _ 
their solutions. Motet of tiie solutions were unique oanbinations 
o f 3,7,6, 16 or ar^ 2 or 3 of these numbers. 

mCERVIEW; 3 b^, 8 girls 
PRETTEST: 3 boys, 1 girl 

(6) One student divided 16 by 3, then added that to 6, answer was 

11 1/3. . 

INT]ro\5EW: 1 bey, 0 girls 

PRETEST: 0 students 

(7) Addition: Oie added J6 + 16) x 3 = 66 'because it's an 
addition problem'. The otiier 

fihbther took (3 x 6) +16. He reccghized 18 utensils per 
Seal and 16 meals. Therefore, he added. A third took 

3 X 6 = 18 (the # utensils for one night). He then found ■ 

3 X 16 = # of utensils used in one week. Add these two products. 
Tw o o ther students added 16 + 3 or ID + 20 . 
INT^SEH: 2 boys, 3 girls 
PRETEST: 2 bp^, 1 girl 

(8) Final error was to omit^oon (set 2 things caily, k and f ) 
and to tnultiply 2 x 16 for tiie # utensils. 

INT^VIEW: 1 bc^^r 8 girls 
PRETTEST: 0 students 

(9) M iscellan eous errors: solutions are uriicpe. 
ITSiTERVIBW: 1 b^, 0 girls 

PRETEST: 0 bc^, 1 girl 

(11) Several students could not scAve the prbblen or left it 
b lank on pretest. 
INTER^nCEW: 0 ixy^s, 1 girl 
jRREIEST: 4 bcys, 7 girls 
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(12} Two studerits ran out of tiine and did not attempt the iteSi 
iNTERVIBW: 0 boys, 2 girls 
SffiSESTs D students 



PIOBIiEM: _ When it left the statioHr a bus was carrying 40 passenger^ 
It made five stc$)s* At the first two stpps, no one got off tJie bus, 
but 5 and 7 pasperQers got on* Eight passengers got of f the bus at 
each of tJie last three stc^JSr and no one got on* How many people 
were on the bus after the fifth stc^J? 

GDRRBCT STRSraSIES: 

General cxSranents: _The nuittoer of steps did not a^ear to trouble the 
students at all. The ea^ c¥>erati<»s (addition and subtraction) were 
quicfely identified and aliwist all students said specif ically that 

getting an meant add and getting off meant subtract. Most of tiie 

students ieveh the inoprrect ones) felt very confident about Mie item 
and they foun<3 it relatively easy. 

(1) Most student! first added 5 + 7 = 12. Second st^: 46 + 12 « 52^ 
Third step: 3 x 8 = 24. Bturth step: 52 - 24 = 28i 
IOTESyiBW:_8 bcys,_2 girls 

. PRETEST: 9 bc^, 5 girls 

(2) Some students bspassed the first step_(mental arithit^tic) 
and began adding 12 and 40. The remainir^ steps 

a re the s ame as above. 
INTERVIEW: _ 2 boys/ 4 girls 
PRETEar: 3 bcysr 6 girls 

(3) Some students subtracted 8 three times rather than usit^ 
multiplication (3x8 = 24) and subtractir^ the product. 
INTER VIEW: 3 bp^r 1 girl 

PRETEST: 1 boyr 1 girl 



nXtJRRECr STRft^^: \^ 

(1) The predoninOTt error was^ubte of 8 rather than 24. 
T he re maining steps were correctly executed. 
mtwyiEW: 5 \^3r 4 girls 

PRETEST: 5 bc^r 7 girls 

(2) &5me studOTte did ffi^ f irst s^p as mental arithmetic. 
T hey t hen subtracted 8 ratiier tiian 24 from the total of 52. 
INTERVIEW: I tx^r 3 girls 

PRETEST: 1 bc^r 2 girls . 

(3) C^e student added the arabic numbers in the prctolem 
(40 r 5r 7) because "they stand but". 

^ IWi^VlEW: .0 bqysr 1 girl 
PRETEST: 0 students 
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(4) One approach was to subtract (12 - 8J arid add +40. 
iOTERVIBW: P bcy/s, i girl 

HCBTEST: 0 bbys» 1 girl 

(5) One student answered 44 with hb work. 
INTStVIBW: 0 students 

PRETEST: 0 bc^r 1 girl 

(6) Misc^laneous errors. Ea^ response was a unique solution i 
INTERVroW: 0 bcg^s, 4 girls 

PREMEST: 0 Students 

^7) Trtiree students used addition only (answer = 52) . 
fth bther a dded 52 + 8 i 
IWTEFWIEW; 0 Students 
PRBIEST: 2 boys, 1 girl 

(8) Hiscellaneous errors in subtraction. Each solution is unique. 
F ortnul atiCTi of prbblan is incorrect in both cases. 
l OTEBW IEW; 0 students 

PRETEST: 0 bc^, 2 girls 

(9) Fbiir students did not have enough time to atterpt the item. 
INTERVIEW: 4 bc^, 3 girls 

PREIEEST: 0 students 

7. PRim^: Mary has 15 hair ribbons. She gives 1/5 of them to Mice. 
How many ribbons does Mary have left? 

GORRBCT STRSESSIffi: 

(1) The most popular correct strategy transformed the probl0n_into • 
wliole number arithmetic (3 x 5 = 15) . Second step was subtractmg 
3 from 15 = 12. 

imaiKVlbW: 2 b^, 1 girl 
PRETEEST: 2 bcg^s, 2 girls 

(2) Same strategy as (1) but using fraction multiplication: 
1/5 X 15 = 3 and 15 - 3 =12. 

mvm/LkM z 1 bc^, d girls 
PI®EEST: 2 bc^s, 1 girl 

(3) Mental arithmetic in part or in tbfcb. 
I tyi ' EWlEW : P bc^, P girls 
PRETEST: 3 bc^, P girls 

isjooRRBCT s^nffli^rac but dOEasCT lesie: 

(1) Several students had correct logic but responded wi^ 10 

rather than 12. The strategies used paralleled those described 
sibbve. Error: 1/5 of 15 = 5. 
IJfTERVIEW: 4 bcys, 1 girl 
PRETEST: 4 bc^, 2 girls 

36 
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(2) ft sedbha way of reaching 10 was through drawing but using 
erroneous ariOmetie r there are 3 5's in 15", so i/5 is 5") 
INTEIWIEW: 2 boys ^ D girls 
V^TBSi: 0 boys^ 1 girl 

(i) i (interview) resEOhded "its a tiines prctolejn". He then n^tijaiea 
15 X 1/5. i^ther intervi^ was siitiilar* Fdur pretests also have 
Otis form. One pretest had 1/5 divided ty 15 = 3. Sign confusion? 
SWSiVIBW:_ 1 bbyr 2 girls . 
PRgrrEST: 1 bpysr 6 girls J 



(2) 3 students re^xxlded (pretest) wltii "1/5 of 15 = 3" witii no 
inultipa.icatibh sigh._ 

INl'ERViEW:_ 0 bc^s, 1 girl 
prarrEST: 2 bqySr 0 girls 

(3) Sane students had diff icultg' deciding Aether to divide 15 

by 1/5 or to Jnultiply 15 by 1/5. Several of these switched bade 
aha forth before selecting cxie c^)eraticxi. 

INTESV1£W:_ 1 bqy^ 1 girl 
i^TEEST: 1 boyr 1 girl 



(4) Sdn^ students bussed the fraction arithmetic ar^ divided 
15 by 5 or 3. _ A poimon explanation was "to find few ir^ 

gave tb Alice". A seocMid exjaanaticsi was "to find Iww many 5^s 
in 15". _ _ _ 

INTKKViEW: _ 2 boys, 2 girls 
praaUST: 0 students 

(5) Several students were unable to solve Bie iterSi Gbr respond ir^ 
pretests were blank. 

ItWERVIBW: 1 bcy,_3 girls ^ 
PRETEST: 4 beys, 10 girls j 



(6) Strategy of subtracting 1/5 from ±5i incudes arithmetic errdr 
in subtraction* All students in this category treated 1/5 as 
tihe huntoer to be subtracted (not perceiving it r^resehts a 
pr cpprtic ffi of the total) . 

IbnMWJJdW:_ 7 bcysr 9 girls 
PRBIEST: 1 boy, 2 girls 

(7) SubtracticHi strategy: reobgnitiCTi Qtat 1/5 r^resents sat« 
b tJier qua ntity but unable to do oon^xitatiOTSi 
IWEERTIEW: 2 boys, 2 girls 

PRETEEST: 0 Students 




Hi scell aneous errors: eadi response is unique* ^ 



l OTER yiEW: 0 b^, 1 girl 
PRBIEST: 2 boys, 1 girl 



8. KOBLEM: ft parking aresa can acbctimdaa^^^ isusesi if 5 cars can 
be parked in tiie space lised by 3 buses » how many cars can be 
parked in the parking area? 

CORRECT STRKTEi^: 

(1) The main feature of this itan is that very few students know 

why they perf5nnea any of the operations. There is a single correct 
s trate gy used by most students: 24/3? 8 x 5 - 40. 

nfl ' KKVlEW i li toys, 3 girls 
PRETEST: 8 toys, 5 girls 

(2) Multiplicatibn rather than division: 3x8- 24; 8' x 5 = 40 
lOTEFSTEEW: i toy, 0 girl 

PRErnEST: 1 toy, 1 girl 

(3) answer = 40; no work stown. 
lOTERTIEWs OJxys, 6 girls 
PREnCEST: i boy, 0 girls 

Students' Bp:anations of Gbrrect Solutions: 

(1) Only 1 student oooia explain precisely that one divides 
24 3 to find but how mahy parking spaces are available 
for 3 buses ^ ' 



(4) 



(2) Three other students were cdose: one saiid "how many buses. .."r 
a second said "how inahy toses can fit", and tiie tJiird 

said "how many 3 ..." (all bc^) 

(3) Two responded in terms of Cars: "5 cars^n fit in 3 spaces" 
and "vrant # of cars that can fit in bus space" (totii boys) 

(4) One a^arehtly saw the problCTi as a raultipii^tioh problem^ . 
that retired an initial step of division because "you can t 
just say 24 x 5" (girl) \ 

(5) One had no idea wliy he divided (bc^) 

i 

One alternate strategy was us^. _ This sttsterrt: molti^ied 
24 X 5 = 120 ana then specified division by 3* 
lOTHWIEH: i^yr 0 girls 
PRKTEST: 0 students 



(5) ATOther strategy was 3/5 « 6/10 = 9/15 •.•24/40 
pTIKWlBf: 0_studentS: _ 
PREEEST: 0 bpys, 1 girl 

mooax^:^ ss^p^asT^i _ i^^-- 

There was an_*yious attetipt in the interviews tci cL^if^tftis 
problem by operation* We got no Rey^^rd ire^Mses — no child 
said that ffliy word prornpted the choice of dperatic»i. 

(1) additiOT: four students attOTpted to add iit^ 3ie interview, 
jftdditiori was never used in the pretest) • 
lOTERVIEW: 1 boyr 4 girls 
PREEESCr 0 students ^ 
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(2) division: several students divided In the interview ijtost 
specified that this problem wuld be solved by division^ 
and tiiey fbrtnulated the problem as 24/3 - 8. One student 
divided 24 by 5, 
INTORVIBW: 0 toysr 4 girls 
H;©T^T: 1 bby^ 2 girls 

(3j multiplication: two girls in the interview attenpted 
to multiply 5 x 3 = 15. Neither knew why. One then 
divided 15 into 24 for the final answer. One bc^ 
a:assif ied the prbbLan as multiplication and 

multiEaied 24 x 2 « 48 (2 qotnes from 5-3). 

fMbti^icatiOT was tlie most frequent error on ttie pretest. 
Five students riaciiod answers of 120 (24 x 5 or 5 x 3 x 8) ^ 
One multipliea 24 x 5_x 3^^ one multiplied 24 x 16, one 
multiEaied 24 x 3 = 72 and then divided 72 by 5. 
iNTESVIBi?:. 3 boys* 6 girls 
KREEEST: 8 bpys^ S giirls 

(4) subtraction: 24 - 3 = 21._ 
lOTHWiS*: 2 bbys^ O girls 
mSTBSTz 1 bby^ 2 girls 

(5) Miscjellahecxis errbrs—no wprlc given in explanation. 
INTESRVIES?: _ 0 boys,_ 1 girl 

jraESEST: 0 bbys^ l^girl 

(6) Attempted to draw slots and mark out every third but erred. 
ibffiHKVifiW:. 0 boys? 1 girl 

PRETTEST: 0 students 

(7) Tv^b students in the interview had no idea how to solve J 
Similar pretest response, was to leave blank w 
if*mRvnE»:_2 boys* 0 girls 

PREEESP: 1 bby^ 5 girls 

{8) Some students did not have enough time in the interview 
to a ttCTp t the itett. 
INTERVIEW: 2 bc^, 4 girls 
EREIESr: 0 students 



FBDBOM: Pant counted 7 heads and 24 legs bh her pet hangers 
and parakeets. Bfcsw many of Pam's pets are parakeets 
arid hew many are hanpsters? 
f , ■ '■ 

This iten does not lenS itself to strategies in the same W . 

that other itate do. H05*ever, tiiere are some dfcwious similarities 

in the ways children atten?>ted t±e itemi 



ODRRBCr STRATEIES: ' 

(1) Some students answering »rrectly first ^ began w^^ ^ 
largest huntoer of hamf^ters possible (Jivide 4 into 24 - 6) • 
Sir^ needed 1 more h^d (or sdne parakeets) they then — 
"dr^^ddwn one" hampster, that is bDnsidered 5 hampsters. 
INTmVIBW: 1 bg^f i girl 

DETEST: 0 boj^f i girl 

(2) Several students started by reasoning tiiat 4 and 3 are a 

likely cx)nflDination of 7. Jtost thea tried 4 hanpsters and 

3 par akee ts. Making adjustments, they reached correct answers. 
lOTERWffiW; 4 bqysf 1 girl 

PRETEST: 0 students 

(3) C oirrect s bluti^ by drawing . 
IWIEPVIEW; b students 
PRETEST: 1 txjsr, 1 girl 

(4) C orrect r e^^ise? ho t^rk given. - ^ 
INTERVIEW; 0 Students 

PRETEST: 1 \x^, 0 girls 

(5) finalytic^roa^: 5 x 4= 20; 2 x^2^ 4? .total ^ 24; 
tiieref ore 5 hanpsters and 2 parakeets. 

DfrKH ViiiWt 2 boys f 1 girl 
PRETIEST: 3 bo^s, 1 girl 

INCORRECT CTRKEEB^: 

• 'i 

d) Several students were close in tiieir calculations and were 
concentrating on the cjbhtent of the prdbleni— trying to ^ 
adjust heads and legs in order to pome up with the respired 
cxsttoination. These students had the right idea but got 
confused. 

INTERVIEW; 2 beys, 0 girls 
PRETEST: 0 b^s, i girl 

(2) One approach was to assign e<pa numbers of^l^gs to parakeete 
arid hStosters. This nariifested itself in the division of 24 by 2. 
N urnbee s'of eaidi pet were riot given. 

iN TERyiE Wi 1 b^f 3 girls ^ 
PE^ETEST: d bc^, 2 girls 

(3) Most interview i riobr reet students attempted division^ 
Ho st popu lar attanpt was division of 24 fcy 7; 

,INM^^W: . 2 boys, 3 girl", 
PRETEST: 3 boys, 3 girls 

(4) A second division was dividing 24 fc^- 4 and tiien deriding the 
resulting 6 Igr 2 for a respbrise of 3. 

IWi'KKyiEW: 3 bgfs, 1 girls 
PRETEST: 0 Students 
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^Partial soluticwis response of either 5 han?>sters or 2 jsarakeets 

msmvimi_ o bc^sr i gin 

PRETEST: 1 tc^^r 0 girls 

1 student added 24 +7. 
INTERVIEW; 0 bc^Sr 1 girl 
PRETEST: 0 students 

Some students subtracted 24 - 7 = 17 i 
INT^7IBW:_ 0 bcys/ 2 girls 
PRETEST: 0 boys, 1 girl 

One student multiplied '24 x 7 = 168 i _ _ 

A nothe r student calculated 2x4 = 8; 4 x 4 = 16; 16 + 8 =24. 

INTER VIEW: 0 Students 

PRETEST: 0 b03^r 2 girls 

f03,F39 / 

On ^e pretest r several students jtnade^ in^ guesses but gave 
n o ind ication of how tii^ achieved their answers. 

INTERVIEW: 0 Students 

PRETEST: 3 boysr 4 girls 

(10) Marv^ students said oould hot soTve it and asked to go to 

n ext prcto lCT. Correspc»tding response cai pretest was to leave blank. 
IN TERVIE W: 6 b^r 5 girls 
PRETTEST: 7 boySr 11 girls 

(11) ^veral students rai ^t of tiine on the interview. 
INTERVIEW: 3 boys r 3 girls 

PRETEST: 0 students 

(12) 1 student v^s Joking (generaUy inco^ and got 
proKi5t f rom^cperimenter tiSat led to correct re^nse. 
Her sblutiOT is not considered here. 

(13) ttisd^la^ errors. Eadi response is unique. 
nrrKlWiEW: O^^ctents 

PRETffiT: 3 boys, 0 girls 



idi PICSfSl: Qifis drove from Santa Barbara to djai to Ventur^ahd 
returned to Santa Barbara witbcwt going back to (^a^ Mtogether 
he drc^ 90 miles* The distance from Santa Barbara to Ventura 
is 26 mUesr and the distance from Santa Barbara to Ojai Is 33 
miles; What is the distahcse betareen C^ai and Vfentura? 

dORFECT STSMHEIES: 

(1) There was a predofiinint correct strate^* Stodents f irst 
add^d 26 + 33 « 59 ^because that >ms two of ^tixe tiiree 
places he weht"J . Then th^ subtracted 59 from 95 ^ 
Tt^insss^miz 5 boys* 4 girls 
HffllESP: 7 bpys^ 8 girls 



(2) ft secbna strategy subtracted: 90 - 26 = 64. 64 - 31 * 31. 
nraSTOTiEW: 6 students 

PREEEST: 1 ixjiy, 0 girls 

(3) Two students had the aorrect logic^t ODuld hot carry out the 
arithmetic successfully. One put tiie three nmibers down 

the three huntoers down vertically and indicated _ 

vertically and indicated subtraction but reached ah answer of 
43 He was very <d.ear in his explanation b£ the item however, 
ft second also knew the logical solution but wasn't guite sure 
how to carry but the second step. He said "you would have to 
keep adding 1 miles until you reached 90"; 
INT^VIEW: 2 b(^» 0 girls 
ERBIEST: 0 Students 

mOO^^CI STRHIHSIES: 

(1) additicwi: this was the most p^uiar response. 26 + 33 = 59 
iijTHWSW: 4 bpysi 6 girls 

Kffi^ffiST: 3 boj^* 4 girls 

(2) subtraction: 33 - 26 = 7. "Vtentura is 26 miles away, and 
^ai is 33 miles away, so take the distance between. That 
means subtract". , 

IN^^re/lSW: 8 boys, 3 girls 
f3E^ST: 6 bb^r 6 girls 

(3) T\»jb stud«its remanded 7 with no work. 
INEKRViiWi 0 stUderits \ 
K^TEST: 0 boys, 2 girls ^ \ 

\ 

(4) additibh: 90 + 33 + 26 = 149. ftdd all the numbers because 
"it's ah additicHi prctolera". 

iN^W»: 1 bgy, 3 girls 
KffiS^: 0 students 

(5) Other additions: 33 + 26 = 59. 59 + 31 = 90. flhswer 
is 90. Or^ 26 + 33 = 59; 59 + 26 = 85. 

iN^WSSW: 0 students c> ^ 

K®SEST: 2 boys, 0 girls 

(6) subtraction: 90 ^ 26 or 90 - 33. Eadi of ttie^ was J^sed 
by one student. The student using tiie former then added 

33 to Qie difference. The difference of the seoshd strategy 
vras ief t as the ahswir. 
iNiJSWIST: 0 boys, 2 girls 
i>fffl3^: 1 boy, 1 girl 

(7) additibh and division: one student first added 33 +^26. 
She €Sen divided 59 into 90 because "usually^if you have 
a lower # and a higher f you divide into it." 
ilS^EW: 0 1 girl 

H^]ffiST: 0 students 



(8) Several students cbuia not solve the problem iii the interviev^. 
Pretest response was Sanki 
mrESmB/^i 3 boysr 4 girls 
PRETTEST: 1 boyr 5 girls 



11; PRbBIJ34: ft came to a staircase. She cLinib^ up five steps r 
riinfeed dbvm piree ste^r »id Qien ^iitit«d up six st^ 
and was at tJie topi How many steps in the staircase? 

(1) Predominant strategy: 5 2 + 6 = 8. Mjtost every 
diild could describe prrf^iem accuratSy mid OOTcret^y. _ 
All students were ^:e to t^l why they added or subtracted. 
Tmsa^mm^i ISJ^oySr 18 girls 

PREE^: id boySr 11 girls 

(2) ftn alternative strategy was to add 5-1-6 and then subtract 3. 
IM^WiEW: D students 

PFOEST: 1 boy, 6 girls 

(3) Several students drew their responses and reached the number 8 
iNiS^^EW: 0 bps^r 3 girls 

W^SSESii 0 students 

(1) addition: sum all nunters in the problem. 5 + 3 + 6. 
INT^W^^: 0 bcjySr 1 girl 

H®^ST: 7 bpySr 6 girls 

(2) addition: add cwily st^_ going up: 5 + 6 = 11 
itffifciWiiW: 0 boys* 2 girl 

i^ffiSffiST: 3 boySr 3 girls 

(3) a dditi on: 5 + 3^ 8 
INTERyiBW:_ 0 students. 
iWCTESr: 1 bbyr 0 girls 

(4) a dditi on: 5 - 2^ 3; 6 + 3^9. 
INTERVIEW:. 0 students 
PREnfiST: 2 boySr 2 girls 

(5) Misc^laledus errors: no evidence of strategy^ 
INi'ERVIBW: _ 0 students _ 

PR^EEST: 0 bdysr 1 girl 
_ I . __ - 

(6) Seme students did not hawre tinie to attempt a scautiorii 
INT^VIEff: 1 bcys# 2 girls 

PRETEST: 0 students 



12. PROTLEM: When Mike and Sally came l«xne_fran. schcsol^ the^ |^nd a 

chbdolate cake. Mike ate haf of the cake, and_Saiiy ate 
a third of the cake that Mike had left. How much of the 
whole cake was left after Saliy ate her piece? 



QDRRBCT STRfiTBSIES: 



11) The students who answered rorrectly drew their responses. fill 

fi rst divided a cirdte in half and then divided eadi half in thirds. 



INTERVIEW; 2 0 girls 

PRETEST: 1 bay, 3 girls 

ppyrr - CCJRRBCt STRMffii^ 

m 



Some students were correct in determining (ty dr»»ing) tiie 

fraction portion that boQi caiildreri ate, but tiiey qoi^d not say 
what part of the total cake had been eaten. JKsr example 
" of the h alf that is left, SStly ate 1/3 so 2/3 are lefti 
ItiTERVIEW; 3 b^, 1 girl 
EBETEST: 1 b^, 2 girls 

(3) One student worked ^e prdaeh correctly but got confused 
about labelling the parts of tiie cake. She «*^tiple^ 
1/2 X 1/3 hwt referred to tiiis anbiait as that which was left 
(ratl^l: tiian the amcxint eaten by Sally) . 
HOTEFVIEW; p boys, i girl 
PRETEST: 0 students 

INOCSRRBCr STRBTB3IES: 

(1) Subtraction: mar^ diiidren subtracted because the probl^ said 
" how much is leff. They obtained: 1/2 - 1/3 = 1/6. 
PTCERVIB??: 3 b^, 5 girls 

PRETEST: 5 bc^, 5 girls 

(2) Addition and subtraction: jnahy students first added ^ amc^ihte 
eaten (1/2 + 1/3 = 5/6) and subtracted 5/6 from 6/6. They also 
h ad final solutions of 1/6. 

INT^VIEW: 3 b^^, 5 girls 
PRETEST: 0 boys, 1 girl 

(3) Ad dition only. 3/2 + 1/3 = 5/6. 
ItTTERVIEW: 1 bey, i girl 
PRETEST: 3 boys, 1 girl 

(4) Hu ltiplic atiCTi. 1/2 x 1/3. 
~ INTERVIEW: 1 toy, 6 girls 

PRETEST: . 1 bey, 1 girl 
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(5) Some students were oertein ^e answer was 1/4 and tried to find 
way s to show it. Cfcie iin^ined a square cake with pDrnersjp and he 

equated corners withnq ae[gterSr:and:siia 5ally ate_l/4. Hike ate 

1/2 r so 1/4 was left. One subtracted 1/3 from 1/2 but was 
not satisfied with the resultr and stilt said 1/4. 
One student added_l/2 + « 3/4 and 1/4 is left. One other also 
answered 1/4 - guessing at the size of the piece that itiust be left 
S evera l pretest responses were 3/4 ^ (no work shewn). 
INTERVIEW; 3 bqySr 1 girl 
PRETEST: 3 boj^r 2 girts 

(6) Seine students readied the correct ntnflber for their answer twt did 
Kjjbgf guessing jacoording to tJie students) . 
IN!]^WIBW: 0 bc^Sr 1 girt 
PRETEST: 1 bcyr 0 girls 

(7) S^eral students drew resjwhsesi 
INTERVIBW: 2 b^r 7 girts 
PRET^P: 4 bcq^r 2 . girls 



(8) Misbellanebus errors. Each solution is unique. 
INTSWIEW: 1 j?byr 1 girl 

PRETEST: 8 boysr 3 girls 

(9) Sane students were uh^le to solve the prctaem. 
IMTERVIEW: 1 boy r 0 girl 

H®]ffifflP: 4 bpysr 3 girls 

liie) Sane students did iK)t have tiine to attertist the item. 
INmS^EM: 1 bbyr 3^^ girls 
P Rfc Tjaigf : 0 studehte 



13. PFfiBtai: ft bus has seats for 48 passeingers. If aie out of every 
six seats is mpty, how many passengers are on the bus? 

eeSafflCT SIKKmsiES: 

(1) Most of tile students dividfd 48 6 to^tain 8i seaDhd 
step was subtrac±ibh of 8_frdm 48 fbr answer 40. 
IN^^ffiW: 7 bqys^ 2 girl 

SffiSEST: 2 boySr 4 girls 

(2) Sedbhd strategy is to divide 48 by 6 and obtain 8. Then multiEay 
8 X (6 • 1)^ 40. . . 

BjTEFS/iEH: 2 bayS f 1 girl 
^^^S^SSz 0 students 

(3) Pretest: some students divided 48 by 6 but did fibt specify 
sedcrol step._ finswer was 40. 

ISIEByiBW:_ 0 students 
PRETEST: 1 bpy, 2 girls 
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(4) One student obtrect suggesting a arawir^and t^e way it 
shotaa be ihterpreted (the work was not done* however) . 
INTBFP^EW: 0 bc^^S, 1 girl. 
PRBIEST: 0 students 

INCbRRBCT STRSTB3IES: 

(1) I*^t of Uie incorrect responses were first step only: 48 / 6 = 8 
nSEiWlEW: 7 boys r 8 girls 

K^IEST: 14 bbysr 9 girls 

(2) Some students transformed the problen into multiplication: . 
6 X ? = 48. 

iNTHWlBW: 0 b(^, 3 girls 
i^EEEST: 0 students 

(3) S^tractibn: some students subtracted 6 frah 48: 42, 
IN^WiBW: 3 boys, 2 girls 

mss^s 1 boy* 2 girls 

(4) Sane students attat^Jted to work witii ^e nraSDers 5 (fron 6-1) 
and 48 i Oie itiiltiplied and one divided. 

INTESwm?: D boys, 1 girl 
Kffi^ST: 0 boys, 1 girl 

(5) TVro students gave re^xaises on pretest with no work. 
II^sa^EEW: 0 students 

K^a^T: 1 bc^,' 1 gitl 

(6) One student was incorrect with drawing. 
IN^WIBW: 0 bc^s, 1 girl 

KlESEST: 0 students 

(7) One student tried bo divide by 3; because "3 people can sit on 1 
^s seafi 

INIE^TIBW: 0 boys, ligirl 
HffiSEST: 0 Students 

(8) Several students oould not scAve the prdblsn. 
INTERVIEW: 1 bO?, 1 girl 

HffiTEST: 2 boys, 2 girls 

(9) Several students did not have time to atterpt the item. 
EJTSeviE*?: 1 bc^, 5 girls 

K^lESTi 2 beys, 2 girls . ' 

14. KSBtSM: There are 10 oookies in hfif a box. How many cookies 
are in Qie box wlien it is fuil? 

eSSEST STRSMBSIES: 

(i) Solution by iBultiEd.icati6n. 2 x 10 = 20. 
IN^^WIB?: 7 h^jL 6 girls 
ffffi^EST: 4 bc^s, 7 girls 
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12) Solution adaition. 10 + id = 28; 
Wtrsmimzl 7 b^s^ 8 girls 
PREaEST: 7 bc^s^ 8 girls 

(3) Solution by doubling the # of cookies in half a box. 

This does not a^ar to be quite the same as jnulti^^^ 

by 2 in the stuaenti"* descriptions of problem solving; 
WTEBNIESii_ I bop/i 2 girls 
PREaEST: 0 students 

(4) Soluticwi ty drawing. Eight drawings were given in interviev^i 
One drew a circle and divided it into 2 partsr making 10 small 
circles in csie of the E«rts^ Then t±e stadent^ew 10 other 
small circdLes in the other part. A second student drew lines 
r^resenting cocdcies in |i bene— first 10 lineSf and tiien 10 

itore. A third was more abstract. A box was divided into 2 

parts#_Sld the words 10 cookies were entered in tiie lower part. 
INTERVIEW: 2 b^, 6 girls 

PRETEST: 0 students 

(5) Two students in the interview began §r_^ti^yihgF lO x 1/2 = 5 
but both realized they were incorrect and ^emged to multiplication 
of lb X 2. Both had the cpnc^t of ""fcii box of oodkies' in mirwa 

realized the answer ''S'* was unreasonSftei 
lOT^W^BW: i boy, 1 girl 
PRETEST: 0 Students 

(6) Pretest only: mar^ students responded with the number 26 and 

s hewed no work. ^ 

IN'rEKVi±W: 0 students 

PRETEST: 12 boQ^, 7 girls 

(7) aawB students rmi out of ttoe before atterptihg this prolDlCTt. 
INTER yiBWs 3 3 girts 

PRETEST: 0 boySf 1 girl 

INC3C»WBCT SI^fSnaSTBSi y 

(1) ftily OTe student did not answe th€5 iten_correctly._ He 

multiplied 10 x 5 « 50 on tiie pretest. This was J^estioned 
during the strategy^ssi^ and he realized his error and 
solved the problem correctly at that time. 
lOTEEWIEW: O^tudents . 
PREI^T: 1 bpyr 0 girls 



15; iBWmsAi have be«i^>os€ffi^ manager o^^ scJkxjI band. 

There^e^Jght maflbers of the bandy and th^ will have 
11 practice sessions this year. If you have to put away_ 
an instrument r a imasic folder r and a music stand fbr each 
toidji«rfcer after every practice, how marsy cfcgects will 
yda put aw^ this jrear? 
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OTRRECT Sra?flB3IES; 

Correct strategies differea by the order of maitiEaicatibn. . 

ri^ 8 X 3 = 24 {# objects to be put away each sess^bh) ; 24 x 11 =^264. 
This is the nost iogic^ arranganent of the numbers because the 
f irst result is anderstahdable. 
INTERVIP?; if ^ySr 10 girls 
PRETEST: 1 boySf 2 girl 

(25 8 X U = 88 (# of persons practicing all year) ; 88 x 3 = 264 
This porre^onds to direet .translation of the item according 
to ai^arance of tiie numbers. 

4J»ys^ 3 girls I 
PREIESr: 3 boys^ 1 girl 

(3) 11 X 3 = 33 (# objects to be put a*^ for 1 person for ^1 sessions) 
33 x 8 = 264. 
PTTEirTIEW; 0 students 
PRETEST: 2 boys^ 0 girls 

INOOiRBCT SraMBSiES: 

a) Host incorrect resE»nses are tiie result of nniLtipiying only 
two of the three nunfcers. 

(a) 11 X 3 = 33 (# olajects to be put a^i^y for 1 person for year) 
n^^^IES?: I^dys^ 2 girls 

PRETEST: 4 boys^ 3 girls 

(b) 11 X 3 = 88 (fperson sessions per year) 
TOTSHVrSf: 1 boy, 0 girls 

PREaEST: 0 boys^ 4 girls 

(e) 3jl8^= 24 (fdbjects to>^ put a*ray after one session) 
INTERVIEW; 0 boys ^ 4 girls 
PRETEST: 1 bpy^ 0 girls 

(2) M ultip ltcatibn and addition: (8 x 3) + 11 = 35 . 
INIEFK7IEW: 0 studente 

PRETTEST: 0 boys^ 2 girls ^ 

(3) s ubtra ction: 11 - 3 = 8. 
HTCEH VIEW: 0Jjpys, 1 girl 
PRETEST: 2 boys, 1 girl 

(4) Addition: 11 + 11 or 11 + 11 + 11 

o r 11 + 8 ■• 
INTERV IEW: Ibc^r 1 girl 
PRETEST: 2 boys, 0 girls 

(5) mwork shown. Misba.laheous errors; 
INTEREVIEW: O^^tudehts 

PRETEST: 0 boys, 2 girls 



(6) Misoeiiariecxji errors: no identifiabie strategy i \ 
INfSe^nEB*: 0 studints _ 

PRESEST: 2 bpys^ 3 girls 

(7) Some students were unable to solve the iton; Corresponding 
pretest response was blank. 

lOTERVIEf?:_ 1 bcyr l girl 
^^lESTi 7 bc^s, 6 girls 

(8) Some students did not have time to attempt solu- ibn^ 
iNTERVIBf?:_ 1 bcy, 2 girls 

t^SSEST:., 1 boy, 1 girl 

16. PRDBLEH: When it arrived at the school) tJie bqokinob^^ / 
CSie student returned 8 books and ciiecked out li otters 
npre students jjrought back 4 books each, anc5 attrottier ^tud«it 
diecked out 6 books. B^w many books are now in tiie bookmobile? 



OORRBCT STRSTBSIES: 

(IJ ffost students sol zed the item phrase §r_p^ase,^^pTasizing 
. that one solved ty looking at eacih return and check outi 
INTERVIEW:. 13 bdySr 9 girls 
PFBTOST:^ 5 bc^s, 7 girls 

(2) Alternative strat^: a^ # books returned* Get separate total 
f or # books checked out. Add^ta^^ to original total; 
s ubtract total checked exit from restaiti 

INTERVIEW; 2 boys, 1 girls 
PRETEST: 1 bey, 0 girls 

(3) C orrect b ut no work shown i 
INTERVIEW: 0 students 
PRETEST: 1 boy, 6 girls 



INOORRBCr STRSTBBIES: 

(1) Ptrixtiary error: add-^ rattier than 8 (from 2 s&idehts brought 

back 4 books each) . 
I NTERVIE W: 1 boy, 4 girls 

PRETEST: 7 boys, 4 girls " 

(2) C ottgle te reyersal of additim and subtraction^ 
p nHEHV lEW: 0 bo]^, 1 giri 

PRETEST: 0 students ^ 

(3) inconsistent: some students began adding b»ks returned $iyA 
subtracting books diecked out, twt reversed c$)erfitic»is later in 

t he so lutions > (Bm ^^ious answers are different.) 

iNTERVIEWg 3J»ys, 9 girls 

PRETEST: 3 boys, 2 girls 

(4) iJsed_c»rrect strategy #2 but reversed c^rations. 
INrkRviJbW: 0^tud«its 

PRET^: 1 bpy^ 0 girls 
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(5) 



(6) 



(7) 



(8) 



ignore 1 part pf problem, (iome # 6E fc^Tcs returned or check^ out) 
INlSKViEW: i b^r_b girls 

mSSEST: 2 toySr 0 qitls 

Miicellanebus additipn errors: adding all or part of the 
natfiers in the probleffl. Each student has unique solution. 
INIKWiEW: 0 students 
K®iEST: 3 bc^s, 7 girls 

Ntmerical answer reached hRJt no work given. 
it^IlKTlEW: 0 students 
Pi^TlST: 1 boy, 2 girls 

Seme students did not have time to attoipt this iteti. 
iS^ERVIEH: 1 bc^» 3 girls 
K^TEEST: 0 students 



17 i PRDBLEH: Jc*m has 12 iiasebaii cards, 
ifow many does Jolin have left? 

eOEWBCT STRSTBSIES: 



He gives 1/3 of them to Jimi 



(1) The nest ocranon interview solution invcives finding 1/3 °f J? . 
Iter this strata, the multiplication sign was not used^ as tire 
student wrote the re^nse. Rather, tiie studepts wrote 1/3 OF 32. 
^e sedbnd step was 12 - 4 = 8. 

m^mnmi 3 bc^s, i giris 

i^^TEST: 0 students . 

M alternate Strategy is to specify the ihvfl.tiplication sign: 
1/3 X 12 = 4i 12 - 4=8. 

itnSRVIEW: 0 beys, 1 girl I 

KffiSEST: 1 bey, 0 girls 

Another strati^ is the same as Qie first ^xcepfe that students 
divide 12 by 3 to obtain 4. 
firaiRyiEW: 5 beys, 1 girl 
H^EfiST: 1 bey, 1 girl 

(4) A third strategy involves recsoghizing that 4 is 1/3 of 12 and 
one seeks 2/3 of 12 whitii is 2 x 4 = 8. 
E^KTEEff: 2 beys, 2 girls 
HiBCEST: ■ 0 bcys, 1 girl i 



(2) 



(3) 



(5) On the pretest, three students respc»ided with tl« correct answer 
but showed ho work. Two addition^, students were un(^ear in the^? 
responses. One reached the first step sdixAixxi o£ !/« jather toi 4. 
The other divided 12 by 1;^ and got 4. Both reached the correct 
soluticm of 8. 

iN^EEWIEW: 0 students 

H^BTEST: 3 bcys, 2 girls 
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(6) Drawing: seversil stuSents either drew circle or tnade roarks for 
t he cards > Their solutions were borreet. . 
INTEFVIEW: 0 boj^r 2 girls 
PREaEST: 0 boySr 1 girl 



12 = 4. 



(1) gie first strategy is 1/3 x 
INTSWPW: 3 bqfSr 2 girls 
PRETTEST: 3 bcDj^Sr 1 girl 

(2) The ^oond strate^ divides 
imERVIBW: OJoqyS f 2 girls 
PRETTEST: 2 bc^r i girl 



12 by 3 (no f racticSi dditfutatioris) . 



(3) Iteny students foand 1/3 of ^2 witfK»t indicating any c¥)eratiCHti. 
Their responses had the form "12 1/3 = 4". !fo mtiplicpticsi 
S33ribol is given. One explicitly said he was rK>t niultiplying. 
INTEIWIBW: Ij^^r 1 girl 

PREEEST: 3 bpys, 3 girls 

(4) Some stud^te readhed Qie respcmse of 4 witbDUt knpSfang hw tte 
found it. Two bp^ said J'take 1/3 away from 12 and he would 
have 4 lef t^ ft sindiar respMise appears to be given chi a pretest 
with the forraulatiai of 12 - 1/3 - 4. 

INTKHVlJbW: 2 boys r 9 girls 
PRETffiT: 1 boyr 0 girls 

(5) ft pennon error was to subtract l^^ from 12._ One interview 
response was 11 2/3 r one was 35/3 (both girls) , c»ie took 
12/1-1/3 ^11;^ (also giri) . One fgirlj answered 11 1/8. 
Tigo other interviews said that one is talcing something av^ 
"subtract it somehow" but neither knew how to do subtraction, 
^r students oh tiie pretest gaye-fehe rei^xxise of 11 2/3. 
One more wrote 12 - 1/3 = 12 1/3. 

IKSETO^W: 2 bqys r 7 girls 
Kffi^ST: 3 boySr o girls 

(6) Two students knew that 1/3 r^esented some nctt^r of cards ,^t 
they did not ktKJW how to fir^ the number. Both thought it woidd 
be st^tracted from 12., 

D^^/BSW: 9 ixvsf 2 girls 
fTEI^T: 0 students 



(7) One error was the re^»tise df ^X/A^ . 
Hj^^WfflW: 1 boy* 0 girls 
Hffir^ST: 1 boyr 0 girls 

(8) Drawing : one drew circle and divided into 12^Sj^ 

marked but 3 sectictts and answered 9 (f36)i Two drew 4 
ro*!^ of 3; res|xvid^_9. 

fSTSTIEW: 0 bc3ys^ 1 girl 
PI©rEST: 1 boyr 1 gij^i 



(9) Re^nse of 9: 12 - 3 = 9 or HO woik; 
IWiEIWIEW: 1 boy^ 0 girls 

ERETT^: 2 boys^ 3 girls 

(10) several studenti left tfe' item blank pn^e pet^st. 
One student oooid hot solve it in the interviews , 
INTEEWIEW: 9 boys, l^girl | 

PRETEST: 3 boySf 3 girls ; i 

i 

(iij Several students did not have tinse to attaint thfe prdW-on. 
INTEFR^BW: 1 boy, 3 girls 
P K KrES T; 6 students 

i8i HS^BMl: In a grocery dis|Jlay, there are a dozen watermelOTS. Each 
melon takes up Qie saSe amcHint of space as 8 oranges; if tiie grocKr 
decided tb rep.ace half the watennelbns with oraiges, how marqr brar^es 
would he need?" 

eeas®^ STRfigcBsiis: < • 

(1) ftost children first took half of 12 and jSeti ^tijaied 
6 X 8 = 48i Problen r^resentatioh was very good— -have 
12 m^OTis and then taki half of them away so tSat's 6. 
lOT^WBEW: 12 bbysi 13 girls 

praSESfT: 11 bbys^ 8 girls ^ , 

(2) Mterhate strategy is «> find the number of^rm^es 
tiiat Motad be used to r^lace the entire dispi^ and 
Qien take hatf the total. 12 x 8 = 96? 96 / 2 =« 48. 
mssssmmi 2 boys, 2 girls 

Kffi^ffiST: D students 

(3) One student" aect^ to draw tiie display, fie drew 
12 circa.es {for melons) then boxed off 6 of than ^ 
("that's hd-f). He then wrote the nuntoer 8 inside 
ea^ of Qie circles in the bfflx. He counted tije 
niitiber of 8's, and multiplied fc^ the total. 6 x 8 = 48. 
msssm^l 1 boy, 0 girls ' 

WE^E^SSSfv 0 students , I i : 

(4) ^e stu<3eht added 6 eight times (finding V/2 of 12 first) , 
IMlEiW^W: 1 boyi 0 girls ; 
^^^^Sii 0 students \ 

(5) Some students were correct on pretest but gave hb -^r^. 
iSn^WiSWi 0 students 

K^^T: 4 boys, 1 girl " \ 

(6) One student iDiiundersi33od the prb^OT as having \ 
8 oranges and 8 m^ons. Ife tpok half tiie melons (4) \ 
t^s the huniber of oranges (8) for a total of 32* \ 
llie strategy is bbrrect. > 
ix^mpNmi'z i boy, o girij 

PRSlE^i 6 students-. 
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(1) Predominant pretest error: 12 x 8 = 96^ Ignore part 
ofjbext specif yIvS "one half", 

INTEa?VIEW: i b^r 1 girl 
PRETEST: 3 boysr 7 girls 

(2) Errors with "one hS^f": take 1/2 of 12 and i/2 of 8_ai?d 
irultiply the resai 4x6.. Second aRprbach is 1/2 of 12 = 6* 
IOTE£WIBW: * 0 students 

jpRErrEST: 1 boyr 2 girls 

(3) Errors relating %/i to both oranges and inelOT since 
taking one half of 12 (whtcdi is 6 and students usually 

i ^)eci^ this) r aisp_ take 1/2 of the oranges • 1/2 of 8 = 4. 
TBlBreforer answer is 8 - 4 = 4i 
mr^NJB/^i 1 b^r i girl 
pRETfiST: 3 boySr 3 girls 

(4) DivisiOTj sever^ st^ents^attCTp to divide either 12 ty 
,4 or 12 ty 8. Ndne oould specify vdiy, 

lOTETOTIEW: 1 bqyr i girl 
PRETEST: 1 bcyr 0 girls 

(5) Multiplication^ 8 3c 8. N6 reason specified. 
PRETTBST: ^ 0 students ^ _ 

(6) SOTe student? did not know how to solve Uie problem 
raTEROTS^: d bo^d 1 girl 

PRETEST: 0 bcf^Sr 2 girls 

(7) Several students had no tiine to solve the prdblCTi. 
lOTERVBSW: 1 boysr 6 girls . 

PRErrffiT: ' 6 students 

19 • H©BEEM: A grc^E> of bicycle riders, took_ a three day trip^ On the 
first dayr Qiey travaed 14 miles further than they had 
'^originSly iftanhed. Oh tiSe seoDnd dayr th^ went 8 miles 
leis Qi^ Qiey had plahr^^ aid on the third da^r they_ 
traveled K miles nbre than they had jflLanned. If the bike 
riders actually traveled a total of 180 miles in 3 days r 
how many miles had tiiey originally planned to bike? 



(1) One strategy Requires firfling how many miles morejOi^ 
the grbqp traveled ahdisubtracting that amount from 180 • 
14 - 8 = 6; 16 « 22? 180 ^ 22 « 158 
tm^^mli i b^^ 4 girls 
Hffig^ST: 2 lioys, 1 girls 
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(2) One strategy first adds tiie aitouhts. r^f esenting FORTH^: 
14 + 16 = 30; then the atount traveled .less than planner 
is subtracted:. 30 - 8 = 22; finally, 180 - 22 = 158i 
iNTraviEW: 1 boy, 2 girls 
PREaEST: b Students 

12) The amounts for eadi day can be sUbtrapted from the total 

one at a time: 180 - 14 = 156; 166 + 8 = 174; 174 - 16 - 158. 
IfnERVIEW: 3 boys, 1 girl 
PREriEST: b students 

, : ... • I 

(4) First the daily average can be found (l8b/3 = 60). ^en _ 

the different per dcQr is 60 - 14 ^ 46; 60 + 8 = 68; 60 - 16 = 44; 
461J- 68 + 44 = 158. " 
im'KKViliW: O^tudents 
PRErCEBT: 1 boy, O girls 



{I) Two stuaents used tiie same strategy described in O^^ECT {4) bi 
reversed the c^raticms: 60 + 14, 60 - 8; 60 + 16. 
INTERVIEW: 2 boys, 0 girls 
ERBIEST: 0 students 

(2) T\3o students used the same itrategy described in^^RMET {!) bi 
reversed the operations: 180 + (14 - 8 + 16) = 202. 
INTHWIEW: OJaoys, 1 girl 

PRETEEST: 0 boy, 1 girl 

(3) additiOTi: add the analler hunibers in the problem: 
14 + 8 + 16 = 38. itow subtract fron 180. 
iNTKRVlcW; 0 bd^^ 1 girl 

PRETIEST: 1 boy, O girls 

(4) addition: add the smaller numbers in the problem. 
14^ 8 + 16 = 38. 

TOTEIwn^; O^tudehts 
PRETEEST: 1 boy, 4 girls 

(5) f irst step correct: 14-8 + 16 = 22; 
INTERVIEW: 2 bpys, 1 girl 

PRETEST: 0 bc^, 3 girls 

(6) F irst step correct; multiplied 22 x 3 or added 22 three tunes. 
H^rrKK VlEW; O stoddente 

PRETEST: 1 boy, 1 girl 

(7) Find daily ^rage if g^ 18o' miles: 180 / 3 ^60. 
Ignore all the otiier information in the problem. 
INTEBVIBW: gjjpy, 1 girls 

PREJTEST: 6 boys^ 5 girls 



(8j fiddition; add all nOTi)ers in the prdbl^i 180 ^ 14 + 8 +16. 
INTERVIBM: 0 students 
PRETEST: 0 bc^r 1 girl 

(9) Subtraction: 14 - 8 = 6; one student Sieh elected to multiply 
6_x 16 and csie added 6 to 188. ft third subtracted 14 - 8 « 6; 
16 ^_6_= 10; 180 - 10 = 170. 
INTERVIEW: 0 students 
PRBIEST: 2 boySr 1 girl 

^(10) ftdditicsi: 16 + 14 = 39; 180 - 30 = ISOi Ignore amburit 
t ravel ed less than planned. 
INTERVIEW : 0 students 
PRET^: 1 boyr i girl 

(11) M iscel laneous errors or guesses wtQi no work. 
INTERVIEW: I bc^r 0 girls 

PRETEST: 1 1 girl 

(12) Several students qo»S:d not solve Qie probl^. 
lOT^WIEW: 3 boys r 11 girls 

PRETEST: 6 bcysr 5 girls 

(13) Scpe students did not have time to attenpt the problen. 
INTERVIEW 1 boy r 4 girls 

PRETEEST: 0 students 
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Isex Differences in Children's Mathematics Achievement: 
' Solving Computations and Story Problems'^ 

Several recent studies compare males' and females' 
mathematics achievement (Benbow & Stanley^ 1982^ 1980? 
Swafford, 1980? Fennema S Sherman, 1978, ^1977? Hilton. & 
Berglund, 1974? Backman, 1972? Oleander & Ehmer^ 1971)^ 
Results of these studies are not consistently in favor of 
one sex or the other^ These mixed results suggest that^ 
ittav be focusing on an inappropriate unit of measure. Some 
progress can be made in understanding this situation by 
comparing performance on well-defined types of items and 
determining where, if anywhere, the sexes differ. 

Two item types that appear especially^ in 
both elementary and secondary school are computations and ^ 

story prob lems (ftrmstrongj^ Note i? Corbitt^ 1981)^ 

CoTTiputations are usually presented in equation form with 
the operation to be performed indicated by the appropriate 
arithmetic symbol. For story problems, the operations ^re 

not explicitly stated, and the student must determine 

which operation to perform as well as which pieces of 
inforntation in the problem to tase. 

This paper addresses the issue of sex differences in 
responses of sixth-grade students to computations and 

story problems. For comparison^ arithmetic content of 

both types of items is restricted to fraction whole 
number, and decimal arithmet^ie. There are two major 
issues: (1) are there differences in boys' and girls' 
success in solving such items aad 12) are there additional 
factors je.g. , reading ' achievement __ or socioeconomic 
status)^ that interact with gender to influence mathematics 
performance^ \^ 

"~\^ . _ _ ._ . . 

Sixth-grade students • responses are a valuable source 
of data. Several external factors preV^ipusly found to be 
related to sex differences, in mathematics can be 
controlled or eliminated f rbm cbnsideraXAoTi. First, 
children have had similar instructional exper ie|ices. All 
students study mathematics in each year of "elementary 
school. This fact eliminates one important source of sex 
differences in studies of high school students, for in 
these studies sex-related differences favoring boys appear 
to be artifacts of differehtialcourse-taking by boys and 
girls in high school tFehhema & Sherman, 1977) Second, 
children of this age have hot yet reaqhed puberty. 
Arguments of differences duetb hbrmbrial variation are not 
applicable (Petersen^ 1979). Finally , perception ' of 
mathematics as a masculfne dbmain is arguably weaker at 
the sixth grade than. in high school (Fbx, Tobin, & Brody, 
1979). Siris are as likely as boys to rate mathematics as 
a favorite subject in sixth grade (Califbrnia Assessment 
Program, 1986) . 
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Patterns of Responses 

The method of study employed here is de tailed 
examination of student responses tb^ standardized^ tejt 
items. Attention is given to a student's pattern of 
relpiAse to these items rather than to the number of 
correct responses. ^ The objective is tQ ^^efine^^ail 
poisible patterns of response, to classify all boys and 
girls according to these patterns, and to compare the 
resulting distributions. 

Assume two groups of individuals respond to a^_|wo- 
item test. Possible scores are 0, 1, and 2 (indicating 
number of correct responses). Scores of 0 and 2 are 
unambiguous; either both items were missed or both were 
solved correctly. A score, of 1 cannot be^ as easily 
interpreted. One item was answered correctly, bat it is 
impossible to determine which one. It is P°fsibJ.e that 
individuals from one group obtain a score of 1 by missing 
the first item and that individuals from the second^ group 
obtain a score of 1 by erring on the other item. in such 
a situation, group differences would hot be apparent^ from 
observation only of total correct responses. It is 
necessary to preserve and analyze item-by-item data. 

Rather than: using scores of 0, ^1, and 2, 6ne can 
categorize the responses as ordered pairs of flOzii' ii; 
and 11, whe^e indicates an ihcocrect response and i is 
correct Tb-~ first element of the pair denotes response 
to the fir-t "item, and the second element denotes respons^ 
to the second item, fp pair 00 reflects errors on^both 
items and 11 indicates both correct. The pair Ol_ is 
diltinguishid from 10; ^or the former an error occurred on 
the first item, and^or the latter the error occurred on 
tSS sIcSnd item. Each individual responding to the_two 
items can be classified in one and Only one of the four 
categories of responses. 

under such a classificatioa, one can stiii examine 
tbta-" test performance. The ordered pairs can easily be 
extended to n-tuples of 0's and I's, according to the 
number Of test items to be studied. These n-tupies will 
be called response patterns . 

Since one objective of the present study is to 
compare performance on computations and story problems,^it 
is haturSl to construct the above classification so that 
there is one n-tuple or pattern for computations and a 
second n-tSple or pattern for story problems. Each 

individual Sill have one and only one response pattern 
ISr each item type. Each individual also will be 

^classified according t6 gender. The result is a set of 
iisi-ciSssified categorical data over three factors: 
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response patterns for computations^ response patterns for 
story problems r arid sex. 

If sex differences exist in the responses^ they vill 
be evident in the unequal proportions of boys ^ and girls 
responding. with any particular pattern. These differences 
can be evaluated statistically. 

Other Factors influencing^ Mathema Eics Performance 

Reading . It has been suggested that a strong 
relationship exists between reading ability and saccessf^l 
solving of story problems. ftiken Ji97i) and Muscio {196^) 
reportcbrrelatidns between math and reading tests ranging 
from .549 to .816. The implication in these studies is 
that successful problem solvers are probably good readeijs 
and that poor readers are probably poor problem solvers. ; 

Studies of sex differences on reading tests reyea?, 
that girli_ generally score higher than boys CMaccoby 5 
Jacklih, 1974; Backman, 1972; Aiken, 1971? Muscio, 1962). 
One is tempted to conclude that girls should be superior 
to boys in solving story problems as welliL under the 

assumption that successful solutions depend upon 

successful reading of the problems. 

Several questions of interest can be addressed by 

looking at reading achievement and performance on 
mathematics items. One can ask whether the probability of 
success in solving story problems or computations varies 
with reading score. One expects the probabilities for 
both sexes to rise with reading score. It^has not been 
known whether these probabilities rise at similar rates 
for boys and girls. The present study indicates that they 
do not. 

Other s£udent Characteristics . Analyses of other 

student characteristic^ _^ay contribute to our 

understanding of sex dif f erehces _ in mathematics 
achievement. Three additional variables are examined: 
socioeconomic status, primary language spoken at home, and 
chronological age. 

Previous studies have demonstrated sizable test score 
differences among various sbcibeconpmic classes (e.g., 

California Assessment Program, 1980) . If there are 

differences in the achievement of girls and boys on 
computations and story problems, it is feasible to ask 
whethj?r there is an interaction between SES and sex in 
arithmetic performance and whether there are _ identifiable 
groups of children of either sex who are more likely to 
solve problems successf uiiy . 
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A second variable of interest is the primary language 
of the student. Classification by language provides 
opportunity of examining results from three different 
cultural groups: Spanish, English^ and Oriental. 

Pirially, one can question whether boys and girls of 

the same age are performing equally. Identified sex 

differences may be the result of comparing children of 
differing maturity. 

To investigate the issuesjraised here» analyses are 
carried bUt on a large set of data. The first analysis 
determines whether there are differences in boys and 
girl?^' responses to the two item types. The second 
anal sis probes the relationship of additional student 
characteristics with mathematics performance to determine 
whether any subgroup of students more likely to success or 
fail can be identified. 

Methods 

•a 

subjects 

Test data from all sixth grade children in California 
enrolled in public schools in 1979 were analyzed. A total 
of 286,767 students responded to the Survey of Basic 
Skills , Grade 6, in May 1979: 144,462 boys and 142,305 
girls. 

Instrument 

The Survey o£ Basic Skills r Grade is a 

standardized test~developed by the California Assessment 
Program to estimate the average achievement children at 
school, school district, and state levels. The^test^^as 
constructed on a matrix sampling basis. ""f f "^^^^S.^f 
sampling procedure, each child answers only a small sample 
of all te^t items. There are 16 forms of the Survey, each 
containing unique sets of items. Each test form has 30 
items: 10 problems of mathematics^ 8 items each of 
reading and written expression, and 4 items of spel^^ing. 
A child answers only a single forpi of test. Tgu|t 

each child responds only to 10 of the 160 mathematics 
items. 

The tests were administered in random order so that 
no classroom was tested with a iingle set of items. 
Approximately 18,000 (9,000 boys arid 9,000 girls) answered 
each test form. 

Of the 160 mathematics questions, 41 are problems of 
computation with whole numbers, fractions^ or decimals, 
and 27 are story problems ijf the same arithmetic areas. 
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Either 4 or 6 of the 19 items on each test form are 
problems from these three arithmetic areas. jThe 
remaining items are problems of geometry r measurementr 
number conceptSr and probability. They are ^neither 
computations nor story pi^obleihsr and they will riot be 
discussed here-) discussed here.) 

In addition to the children's iresporises to the 30 

items of the Survey y the Galiforriia Assessment Program 
gathers information about each child's sbcibecondmic 
statusr language fluency r primary lariguager age^ arid sex. 
Estimates of socioeconomic status of students are made by 
teachers at the time of testing^ Glassif icatibri is ifiade 
on the basis of occtapatibrial level of the principal 
. breadwinner in the student's family. The ^ four possible 
categories of classification are prof essibrial r semi- 
prof essional r sktiied worker r arid semi-skilled worker. 

Two language classif icatibris _ are also made by 
teachers. Firstr the teachers indicate whether students 
are f iuent r _t iSitedr or restricted, iri the use of the 
English language. Teachers, specify the primary language 
jif not English) of each student. For the analyses here, 
only students fluent iri Eriglish were included. 

Several language choices were available to the 
teachers i Some of these have very few occurrences and are 
not used in the analyses. The three groups used in ^ the 
comparisons are Eriglish ^ Spariish »_ arid Oriental . Members 
of the first group speak Eriglish brilyr of the second speak 
Spanish in additibri tb Eriglish, and of the third group 
speak ehiriese or Japariese iri additibri to English. 

Each studerit's age at the time of testing was 
recorded. The ages for arialyses here j:ire defined in 
three-mbrith iricreinerits. The tests were ad^'ministered in 
the spririg; the ages,- therefore y are thi;»se of children 
cbmpletirig the sixth grade of elementary school.. 



Results 

Log - fciriear Arialysis 

Fifteeri bf the sixteeri forms of the Sur^rey were 
analyzed to determirie the uriderlying model that best fits 

the data bf cbmputatibri arid stbry_ problem responses^ One 

form contains rib s bry problems and wag excluded i 

Thirteen forms cbritairi f bUr_relevant itemSr and two forms 

contain six_ items each. The responses to each form were 
cross-classified according to pattern of response to 
computations r patterri of respbrise to story problems, and 
sex. 
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The data f com a randomly selected test form wer j 
compared with the expected frequencies that occur under 
all possible hierarchical log-linear models V^^^f-'^ f^|- 
combinations of main, second, and higher-order effects) . 
Main effects are sex, computation "sponse^ pattern, and 
story problem response pattern. Etkelihoodratio^Tt 
values were obtained from the comparisons.* All_but a 
single model failed tb predict the dat:a; these models were 
rejected with P i .001. For the remaining model, a /- or 
9.06 was c5mputed, with 9 degrees of freedom, ^^he model 
that fits contains all main effects and all tvo-f actor 
interact i5ns. The three factor interaction is not a 
significant cbmpbhent of the model. 

To test the hypothesis that this general model _also 
p^edt5ts adequately the data from other test ?orms 
containing different sets of items^ ibg-lihear analyses 
wore carried but on the remaining fourteen test forms. 
For ail but a single test form, the model bf ptam^ effects 
and all two-factor interactions was the only satisfactory 
model. in each case, all other ^^^^1^ ^J^^f 
p .001. Probability levels for the models of best^fit 

7anged from .074 tb .846, with a mean value _ of .33|. 
Given the large number of individuals responding each 
test form (roughly 8,000 of each sex), one can be fairly 
cinliden? that the low V values are_an indication of 
good fit and not the result of small sample size. 

inspection bf the full table of crbssfclassified data 
shows the dicection of the interactions present in th? 
model of best fit. For all test forms, successful solving 
of coS§u?Illons is positively associated with successful 
solving of stbry problems. Interaction of sex with 
patterns bf solving computations results because girls are 
mire ISIcessful thin bo?s. Similarly, interaction.^of sex 
and patterns bf solving story problems occurs because^boys 
are more successful than girls. Girls and^boys differ m 
their ability tb solve these two types of items. 

These analyies were replicated on similar data from 
1977-78 and 1976-77. For; each set of test^scores, Jh^ 
identified mbdel bf fit holds for fourteen of the fifteen 
test forms. \ 
ftdditibnal Factors of Reading., SES, Language, ^and fiae 

Tb analyze the influence of additional \ factors on 
66mputatibh and story problem responses, attention w|s 
restricted tb successful solvers of each ^typ^ of item. 
Successful computation solving is deflated all 
compilations correct. Similarly-^ successful ^J^^y^f 
solving is defined by all story problems correct. For 
consistency, bnly thbse test forms having two litems each 
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of computation and story prbblem wereddhsidered. Eight 
forms meet this requirement ^ yielding 32 items. 

Reading . Table 2 gives the percentages of bpys and 
girls scoring zero to eight oh the. eight--.item_ reading test 
of the Survey ^ Boys are more likely than girls to score 
0, 1, 2, 3, 4, and 5. Girls are more li&ely than bpys to 
score 6} If and 8i Mean scores are similar: 5.23 and 
5.38 for boys and girls r respectively . 

Figure 1 shows the prbbabii ities of answering 
correctly both computations and/or both story problems at 
every obtainable reading score. Data for bbys_ and girls 
is plotted separately. The ufiper two lines of the figure 
represent success on coihputatibris . Success on_ story 
problems is given by the lower two lines. Without 
exception^ sixth-grade children at every reading score are 
more successful in sblvihg cbmputatibns than in solving 
story problems. 

Excluding scores of 0 and 1, boys consistently have 
higher probabilities of success on story problems than do 
girlsr and girls cbhsistehtly have higher_probabil ities of 
success oh cbmputatibns than do boys. These differences 
are hot large ^ but they are evident at every reading 
score. _ 

The questibn of interest is whether the discrepancy 
between prbbability bf cbmputation success. and probability 

of story prbblem success reitiains constant or varies at 

each reading score.. Discrepancy is computed by 

subtracting the probability of success on story problems 

from the probability of success on computations i Jk 

related question iswhether there is more variation in 
this discrepancy for one sex than the other* This issue 

translates tb a simple question of regression: Do the 

slopes bf the lines of best fit predicting discrepancy 
from reading score for boys and for girls differ^ Figure 
2 gives the regression lines and also the aiscrepahcies 
for both sexes. The discrepancies range from ^092 to .160 
for boys arid from .068 to -233 for girls i The slopes bf 
the twb_lines differ signif icantly^ i (14^ = 3.67r E_< 
.01^ Fbr both sexes^ the discrepancy between cbmputatibh 
ability and story problem ability grows larger as reading 
score increases. However^ the discrepancy for girls 
increases at a significantly greater rate than that for 
boys. 

Sbcibecbnomic S tatus ; Table 3a provides percentages 
of bbyi and girls classified by teachers in each of the 
four SES groups. Similar numbers of boys and girls are in 
each category. 
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fts in the previous analysis with reading achievement, 
success oS: computations is sgain defined by corrept 
responses on both computations. Success on story p?pblems 
is similatly defined. Figure 3 illustrates probabilities 
of girls' and boys' success oh the two types of items for 
each SES category; 

fts expected^ socioecdhomic level is a Sajbr factor 
successful problem solving^ and the average probabilities 
for all children ascend as SES classification increases. 
It is clear from this figure tha| no single SES group of 
either boys or girls has a pirticular advantage or 
disalvanlagi. comparison of the aiscre^^^^^^ in 

probabiitty of success at computation and probability or 
success at story problems indicates that the slopes of 
regression lines for discrepancies of boys and _ girls are 
almost identical. Neither slope differs significantly 
from zero. 

Again, the discrepancy for girls is higher _ than_^ that 
for boys. the discrepancy values are approximately .14 
for boys and .19 for gir4s. ft test of differences yields 
^ (3) = 4.193, 2 Z, .05. ^ 

Brimary Language . Table 3b provides Percentages of 
stude nts cl asWlflid by primary language spoken at home 
Not all students responding to the Survey are tabled^ only 
the three groups described previously are represented; 

Figure 4 compares the probabilities of success for 
boys and girls oh the two types of items. All groups^have 
higher probability of success on computations^ relative 
story problems. Again, the pattern of girls' relative 
exieilence in computltions and boys' relative excellence 
in story problems emerges. 

The discrepancies between probabilities of success on 
computations and story problems varies widely. For boy s^ 
the size of the mean discrepancy of Spanish and English 
students is approximately .135. For Oriental boys, i| 
iumps t5 .183. Arnofig the girls, Spanish- speaking children 
havf Jhe lowest value of .177 while the other two groups 
are approximately .200. 

ftgei Table 3c provides the percentages of _ each sex 
in eliven age categories. The average age for si?th-grade 
boys is 12 years, 2 months (146 months) and that for girls 
is 12 years, 1 month (145 months). 

Figure 5 illustrates the prSbabiiites of |uccess of 
boys and girls for the eleven age ;categories.The^gen||al 
trend noted in the three previous analyses is again 
evident; However, the computation superiority of girls is 
Sot consistent over every age. For bo t ft ^oyj and |irls, 
performance declines with increasing age on all items. 

£8 64 
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there are aif f erences iri the discrepancies of boys 
and girls. The range of discrepancies fbfboys is •110 to 
.145» The range of values for girls is .109 to .205. fts 
with reading scbresr there is Jtibre fluctuation in the 
discrepancy values for girls than for boys. The slope of 
predicted -discrepancy values f rbm age does not differ 
significantly from zero for bbys. However, the slope of 
predicted values fbr girls is negative {t (9) = -2.327, £ 
< ^05), - 



D±&cuss4oft 

There are differences in sixth grade boys' and girls 
responses to cbmputations and story problems. Boys tend 
to perform better than girls on story problems and girls 
tend. to perfbrm better than boys on computations ♦ 
Absolute values of the differences are small, but\ the 
direction of difference remains constant, ftdiustmeftt of 

probabilities bf success according to various student 

characteristics dbes not alter the direction of 
difference. 

Similar. differences have been found at the hiqh 

schbbl level {Pennemajr. 1977? Armstrong, Note 1) ^^ /±wb 

large assessments , _the National Assessment of Educational 

Progress and the_Calif ornia Assessment Program^ also note 

the distinction (Pennetna & Carpenter, 1981; Galifbrhia 

Assessment Program, 1979). it appears that these 
differences do not arise at the high school , level but 
ejiist much earlier, at least as early as sixth grades 

Log - Linear Ana lyses 

Sex is a significant factor in the statistical model 
that describes the students* patterns of responses to all 
items. Log-linear analyses of fifteen test fbrms 
indicates that the threefactors of sex^ response pattern 
to computations, and response pattern to stbry problems 
aire necessary components of a model that predicts 
performance. Moreover, there is significant ihteractibn 
of sex with successful solving bf both computations and 
story problems. 

A possible criticism of the present study is that the 
number of relevant items answered, by any ihdividual child 
is small (i.e., four or six items). Hbwever^ over 285,000 
students responded to fifteen unique sets bf items^ 
providing about 18 ,000 observations for each of 68 
distinct items. Even with the limited number bf^: items per 
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inaiviaual, clear differences ifi boys» and girls Patterns 
of responses were found. Expanding the number of items 
ahswered by each Individual would no doubt yield 
additional detail about these patterns. 

Add itional Factor s 

The comparisons of boys' and girls' probabilties of 
correct responses conditional upon reading achievement, 
SES, primary language, and age are '^emarkably^^cpnsistent. 
Fbr^ny level of each of these classifications, girls 
denerally have higher probabilities than boys of answering 
loth comlutlt ions Correctly and foys generally have higher 
probabilities than girls of answering the stor> problems 
correctly. 

Reading. The reading results are particularly 
surprising/ On the CAP Survey , girls have higher measured 
reading achievement than boys. High achieving girls in 
reldini are nonetheless relatively weaker in solving story 
prSblSIs than other girls or than boys This is evident 
in the increasing size of the ^ I'^e^g^^^^^JHt^ 

probability correct for computations and probability 
dorrect for story problems-^the discrepancy values. These 
dilcrSpanc?es are highest for girls ^'th^^Peii^^^^^lS^^SI 
achievement. fts reading score increases, the discrepancy 

values increase as welli 

One interprets these results cautiously, of cburse, 
because the measure of reading achievement is an _ eight- 
item test. The items were developed in accordance with the 
'Sr?iculum of the Galifornia public school systems and 
thus are expected to have content validity. On each of the 
fifteen forms of the Survey there are eight items, for a 
total of 120 items evaluating reading achievement. _Since 
thr^ame results emerge on each of the fifteen test forms, 
we miy have some confidence that the trend does indeed 
exist. ' ~ 

It is more difficult to explain why itOcdurs. Thj 
present study cannot provide a definitive explanation, but 
it aSL suggest some ideas. Successful solving of 
iomputltions^ implies successful u,e .^-i'^^;"^^ i??^ 
rulJs for combining numbers. It also implies ^fa^rly 
lutdmat?c use of -these rules.. Girls appear^ to have 
mastered the rules to a higher degree than boys have and 
thus are more rewarded for rule-governed behavior. 
Attempts to solve simple word problems analogously by_^ a 
Set bf rules are occasionally fruitful^ but as problem 
iimplexity increases, the rule-governed approach becomes 
?Sss SisSccessful; (Support for this argument can be 
found in Marshall, Note a.) 
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if boys are less rule-^gbyerried (ana more Inaccurate^ 
than girls oh computations^ they may be less rule-governed 
aha more flexible in approaching story problems^ and they 
may cohsequehtly be more successful in solving the latter* 
Further stuay is necessary to determine whether this is 
the case. _ _ _ _ 

Lahguage y SES ^ and Age . Two _of the factors that 

might affect the observed sex differences in performance 

are sbcioecohbihic status and primary language. Certain 

groups b£ boys or girls may have particular advantages or 
disadvantages. Thepresent results suggest this is not 
the case with SES dr_ lahguage.__While there are large 
differences between the levels of SES and languager there 
are ho similarly large differences between the sexes at 
any level of these variables. Thus^r these factors do not 
appear to explain sex differences in mathematics 
perfbrmahce. -- 

The age results are somewhat misleading. ftccordihg 

to the age requirements in Californiapublxc schools^ the 
average sixth grade child should be between 138 ahd 150 
mbhths _at_ the time the Survey is administeredi 5 Thusr the 
individuals in the first two categories of fable 3c and 
Figure 5 have either skipped a grade or have had other 
extehuatihgcircumstances. Similarlyr the individuals in 
the last five categories are not in the expected age 
range. One suspects that the majority of these children 
have repeated one or more grades; The abrupt drop in all 
lines of Figure 5 at the category of 150-152 months may 
indicate the presence of a second and different population 
of students , those who have not progressed at thcs hbrrhal 
irate through elementary school ; Since data oh grade 
repetition was not gathered at the time of testing # brie 
can only speculate about this distinctioh. 

If the first two and last five categories are bmitted 
from Figure . 5^ the remaining categories represent the 
probabilities for the expected average ages of sixth. grade 
students. _A11_ four graphs in this range are relative 
fiat, suggesting that age is hot a contributing factor to 
sex differences in mathematics perfbrmahce for individuals 
progressing normally through elementary school. 

The analyses presehted here may help ihterpret 
results of studies in which total test sdbres of boys are 
compared with those of girlSi Such studies have mixed 
results. Boys excel ih some cases tBertbbw § Stanley, 
1982; Hilton Berglundr 1974), girls excel in others ^ 

(Olander & Ehmer, 1971; WbzencraftjL 19631 and some 

comparisons reveal no differehces {Swaffbrd^ 1980; Fenhema 
& Sherman, 1977); Coi^parisons of total, test, scores 
implicitly or explicitly assume thatbbys and girls have 
the same type of ability but in differing. quantities.. It 
is clear from the present results that ability type plays 
an important role in the success of a ^tudeht bh a 
particular test. If the te^t cbhtains .nbre coinputations 



EKLC 



67 



/ 



than story problems, girls would be expected to surpas| 
boys. If the opposite weighting of items occurs, boys 

should excel. . , w-i-i.^ 

Support for the theory of differential ability over 
item type can :be^ found in ^p^ies that have tests of 
different skills. Fennema and Sherman {1978, Table ij^ 
report that sixth grade girls consistently score higher 
than boys on tests of computations and that^^boys are 
superior on tasks of problem-solving. Although^ the 
differences are hot statisttcam significant, the ^trend 
is evident in each group of students tested. The Second 
National Assessment of_ Educatiorjal ^^^ogress^ ^ a^d. 
ealtforhia Assessment Program report similar findings 
(without statistical analysis). _ 

The present analyses support the theory • ot 
differential abilities over two specific item types. It 
may well be the case that differehces exist in other item 
types as well. Spatial ability is a much-studied area, 
for example, and boys appear to do better than girls on 
many (but not all) types of spatial items (see Maccoby S 
Jacklih (19741 in general and Vandenberg S Kuse, 1979, or 
le£ersen 1979, in particular) ^ Additional studies are 
necessary to identify and evaluate other item types and 
sex-differences that may exist for them. 



Footnotes 

1. This research was supported by the National Institute 
b£ Education under Grant No. NIE-^-80-0095. The findings 
and conclusions presented here do riOt necessarily refiec 
the views of the National Institute of Education. 

2. The author wishes to thank Tej N. Pandey of the_ eali- 
fornia Assessment Program fot his assistance in conducting 
this study. 

3. The reader is referred to standard p^*^^ ^°^f^4f 
Bishop, Pienberg, and Holland(1975) or Haberman (1978) 
for details of log-linear ajjalysis. 

4. hT. Bishop, Fienberg, and^ Holland (1975) point out, the 
likelihood ratio statistic is minimized by maximum likeli- 
hood estimates and can be partitioned conditionally and 
structtaraliy (pp. 125-127) . 

* ____ 

5. Given the few degrees of f^eedbm, the reader may wish 
to view this result cautiouslyi 

6. TO enter kindegarten, a child must have reached his/her 
fiCth birthday by December 1. - 

^ r * - 
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Table 1 
Sample Items* 



Computa tions 



whole Numbers: 744 

+ 578 



Fractions: 1/2 - 1/6 = 



Decimals .5 x .5 = 



*The items ar^? reprinted here by permission of the eaiiforhia 
Assessment Program. 



Table 2 



Distribution of Boys and Girls According cd Reading Score 



Percent 6E Each Sex: 



Reading Score 


Boys 


Sirls 


b 


1.25 


, 1.05 


i 


3i7i 


3.07 


2 


7.68 


5.99 


3 


9 . 91 


9*46 


4 


12.52 


12.10 


5 


15.18 


14.88 


6 


17.49 


18 . 13 


7 


18.74 


19.58 


8 


14.22 


15.75 


Total 


190.00 


100.00 



a Based upon a total of 71 r 292 boys, 
b Based upon a total of 78 r 262 girls ^ 



Problems 



When it^left the station a bus was 
carrying 40 passengers^ ft t the 
first stopr 3 passengers got of f 

and 7 passengers got on^ How many 

passengers were then riding in the busi 

Mr; Witt worked 6 3/4 hours on Saturday 
building the table and finished it in 
2 1/2 hours one evening; How many houri 
did it take to bdild the table? 

Tom earned $4.26 in 2 days The second 
day he earned $2.15; How much did he 
earn the f irsfe, day? 



ERLC 



71 



C-16 
Table 3 

Distributi5n b£ Boys arid Girls ftccBrdihg to 
Student Characteristics 

ft. Distributibh by Socioeconomic bevel 

Percent of Each Sex: 

Occupation of Primary ^^-r-^e 
Breadwinner in Family 

"iJrtlkilled worked IV' ii 

Semi-Skilled worker ^/nn 

semi-professional ii'll T;*cn 

Professional ^ ill 

"Totil 'lOO.bd 190.00 

Based upon a t5tai of 56,606 boys and 55,692 girls. 



B. Distribution by Primary Language Spoken at Home 

Percent of Each Sex: 
Primary language Boys "^^^^l 

Oriental 1.18 

Spanish 12.84 13.47 

English ^ _ 85.98 85^40 

"ioial 100.00 100.00 

a Chinese or Japanese only 

Based upon a total of 61,701 boys and 61,142 girls. 

C. Distribution by Age: 

Percent of Each Sex: 



under 135 
135-13? 
138-140 
141-143 
144-146 
147-145 
159-152 
153-155 
156-158 
159-161 

Over 161 



Boys 


Girls 


2-96 


2.43 


1.63 


2.40 


14.59 


18.28 


18.33 


20.80 


19.27 


21.22 


19.41 


20.11 


9.58 


6.10 


5. '8 7 


3.73 


4.29 


2.43 


2.66 


1.62 


1.41 


0.88 


idOiOe 


100.00 



Total 

Based upon a t5tai of 72,130 boy^^nd 71,185 girls, 
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Figure 1 

Average probabilities for boys and girls of answer irig all computations 
or aii story problems correctly given reading score. 
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Average discrepancies for each sex between P'^obabilxty o£ ans«erin| all 
computations correctly given reading score and P«^°b^b^^|J^^°^i^"^''f 
aii story problems correctly given reading score. Regression lines 
predict discrepancies from reading score for each sex. 
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Figure 3 

Average prbbabii ities for boys and girls of answering all computations 
or ail story problems correctly given socioeconomic levels 
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Figure 4 . _ 

Average proBabiiitif:s for boys and girii of answering all computations 
or all story pirbbleihi: correctly given primary language. 
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Sex Differences in t^thematics Errors: 
An Analysis of Distractor Choices 

Studies of sex differerides in nethenatics per format 
t^ically focus on differences in total test _soores or on 
differential rates of success on particular types ^f items * 
Studies of total test scores have mixed results. Sora sugg^^^^ 
that differences do exist (Fennema S Carpenter r 1981; Benbow_ & 
Stanleyr 1980? Maccoby S Jactainr 1974; Hilton SBerglundr 1974? 
Backroahr 1972J. Others reveal little or no variatiOT between 
bbys^ and girls^ |«rfontiance (S^ffordr 1980? Fermema S Shennanr 
1978; FenhOTa & Sherman^ 1977). The second approaclw_sb^ing the 
inter act ic»i of item, type ar^ seXr has yielded more oons^stent 
findings. It has produced evidence that girls are noresuccesrf^ 
than boys in solving oDnpitation items and that bqys are more 
successful than girls in solving story problor^ (Mcirsh^ir 1981? 
California Assessment Programr 1979? Fennemar 1976? Jtonstrdhgr 
Nbte 1? Mar shall, _Ndte 2). WDSt recentlyr thy National Assesarent 
of Bducationil Progress (NfiEP) found similar resets CFerinata & 
Carpenter r 1981) . 

Both approaches have value in detennintng wtether girls arid 
boys az-e equally successful ia solving matiiematic^ items r but 
neither orovides information about how^students attonpt to solve 
probl^ or about the errors they commit, ^ere is ihstructiohal 
merit in knowing vmether ts^ys and girls differ In their 
perceptions of' individual prcfcl€ans and oOTsequ«itly ^ih their 
attempts to solve items. To this endr a nw approadi to the stud^ 
of sex differences is pursued here: investigation of the errors 
made by each sex on individual items. TWo questions, are 
addressed: (1) Do girls and b^ make the sare or different 
errors in solving mathematics problems? (2) they use the same 
strategies as th^ solve problems? 

Both questions are investigated ^ means of aiialysis of 
children's errors on a varie^ of inat±emati<^ items. There are 
two parts to the_ study^ The first describes a statistical 
analysis^ of the stabili^ of boys' and girls' errors, ^ta frcwt 
four groups of sixth grade ^iidr^ are e3canihed to determine 
vaiether there are characteristic errors made. ODnsistently 
either sex. The second p§rt of tiie stu^ is ah identification and 
classifica*:ion of errors made by eac* sex. Six ger^ral categories 
of mistakGS are identifiedr_and^e errors fer each sex f rctn a 
sample of eight mathematics items are analyzed acrordii^ to these 
categories. 



gest Jjistrument and Data 

^e iterrs examined in ^is paper are taken f ran the Survey 
Basic Skills: Grade The Starvey is a 30 iten achieyeineht test 
given annually to all sixtii grade ciiildren in California through 
the California Assessment Sogram. proximately 300,000 students 
respcMid to the test, each year. Biere are sixteen forms pf_ the 
: test; roughly 9r0b0 girls anS 9f000 boys respond to eacK form. 

o 
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Each test form contains thirty unique items: eight of reading^ 
eight Of written exprii^ '-^ ; four of ^Uing, |na ten of 
tnathematics. The four ar^ oeoreo separately. the 168 

mathematics ll^Sis, the^cC. -r' >^ itans on ineasureit.ent ana gr^hing^ 
28 items oi nianbej: c»n:i- \.2;^28 items on whole number arithmetic, 
20 items en f-act'or. arithmetic, 20 itons on deciinal arithmetic, 
2Q itetis on g^xatetry, and 12 itens on probability?'^ and statistics. 
Aaaitibhal details about^ tiie Survey are available elsewhere 
^California fissessment Program, iS79) . 

Table i about here 



The data presented here were gathered in 1976, 1977, 1978, 
and 1979. Table 1 gives details of sanple size. Jfean mathematics 
scores for b^s and girls in 1979 were 5.92 and 5.88, 
re^sectively, and standard deviaticxis were 2.17 and 2.08. Results 
from the three previous years were similar. Clearly, there is no 
large difference in total Jiratheitiatics scores, although a 
statistical test is highly significant < ^001) !:^use of tiie 
very large sanple of 144^462 boys and 142,305 gif.ls. 

Dlstractor Analysis ; A Statistical mdmL of. ^sp^ses 

The method of distractbr analysis de^^lcped here^iny<S.ves 
three; factors: sex, respbhse^ and year. Only incorrect aiswers 
are evaluated. The concern is with the proportion of incorrect 
hcsvs and incorrect girls selecting each distractor. ^e j^ar of 
response is included because it is valuable to, know whether 
different groups of girls and boys having e.r:v %r'-ir- instruction 
make similar errors. In analyzi~;g the t^^sr- v :ors made by 
bc^s and girls, it is valuable to know whetbfe,' thf ^rror patterns 
for each s«c are st^e or fluctuate each yesc. _ 

The 160 mathematics items of the Surv^ are analyzed 

individually. Foi each item, there is a three-way contingency 
table of sex by dlstractdr by year. Rsr an item having five 
response alternatives (four distractors plus ths correct answer 3 
the corresponding dohtihgency table would be 2 x 5 x 4.^ There are 
two values for sex (male and f anale) , five values for distractors 
(each of the four indbrrect choices plus 

leaving the itm Kank) , and fair v^iises for^r (1976, 1977, 
1978, 1979). Ea(ai of the 40 bells of the qontnigency table 
contains frequency counts. For data su^. as t±ese, ^loglinear 
W5aels are appropriate, fsatiway loglinesff fflodets are similar to^ 
extensions of the usual JC^ tests of association of two factors 

logiihear nbdels contain main effert& ar^ interaction 
effects. She main effects capture utk^ ^qg^^ 
variables. Fbr exaitple, a tnain effect for skc ind.xcates^ jrneq^al 
numbers of boys and girls re^sonding. The main effect for 
distradtor indicates that all alternatives were not^equally 
selected. For the situation described tere* main efScts alone 
are of little interest since One alrea#Jaio^ ttiat slightly ftgre 
jaoys than girls responded and that more dnidten responded in 1976 
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than in 1979. 

Main effects nust be pairt of the m^sl. The issue here is 
v^ich interaction terms to include. With a three-factor model, 

there are fcwr possible interactions: distractor sex, 

distractor I^y year^ sex by yeat^ and the three way interaction of 
distractor by sex by ysac. Hie two^f actor interactions nave 
relatively siiipLe interpretations. Inclusion of the sex-by-year 
term i^ies differing prqpbrtibns of boys and girls for tiie 
various years. Like the main effects, the sex~by-year term is not 
especially interesting because it reflects only the differences^^ in 
ntmfcers of boys and girls ire^jonding in the four years. ^' 

The remaining two-factor terms have substantive 
interpretations. Inciusiai of the distractor-bg'-sex terra intpiies 
tiiat there are indeed sex differences in the alternatives selected 
by ttie children for each item. The distribution of girls' dioices 
for ah ii&a differs f ran the distribution of bcys^ choices. 
Similarly^ inclusion Of the distractor-t^-year term implies that 
tiie distributions of both saxes over all distractors vary in t±e 
same way from year to year. ; ■ 

If there are stable sex differences in cSildren's errors^ the 
statistical nodel predicting children's responses nrast include 
main effects plus the interaction term of distractor-by-sex. The 
other tw>-f actor interactions may or may not be part bf^the nodel. 
if the differences are stable, the three-factor interactibri cannot 
be part of the model. Its presence Indicates that responses for 
each sex are lifting each year. 

Eadi of the 160 mathematics items was analyzed individually 
to determine the model that best predicted tiie frequency d^ita. The 
models of best fit were identified by chi~square iikelihbbd ratio 
tests- The results are given in Table 2. The model requxrir^ 

CTiiy tlie two-factor interactirais ^of distractor-by-sex _ and 

distractbr-ty-yeir was the most appropriate itbdel for the majority 
bf itCTS fmodel 7 in Tsm.B 2) . This model acobunts for eighty 
percent of all items. X.Modeis 4, 6, and 8 also support the 
hypothesis of stable sex differences. 

Oriy the ten itens retiring the three-factor interaction 

(model 9) show inconsistency of^espcmses by girls and hoys over 
the years. Neither the single^tem requiring only main effects t 
the six items fit by tiie mod^ with the single ihteractibh of 
distracbbr-l^-^ear , nor the two items having sex-fcy-year, and 
distractbr-hy-year interacttais^ww s«c dif ferehbes Inodels 1, 2, 
and 5) . Thus, there are oonsistent sex differences in responses 
for all but 19 bf the 160 items. 

Ta&e 2 Ssbut here 



The interaction bet»»eeh sex mid di»tcact»r choice affirms the 
main h^thesis of tiie present study. Bpys and girls are 
selecting different answers* The differences are not siinffl-y 
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between right and wrong clioices. Rather, differences also exist 
in the wrong alternatij^s selected. 

a Ctas5igica€ibn of Etrbirs 

A siitfiif ied node! of solving a inatheniatics problem - ^ three 
stages: recognition of problon structure or type f ran features of 
the itan itself; identification of an aE^>rppriate mategy for use 
with the identified structure; and iitpLanentatibn bf the selected 
strategy. Errors may occur in ar^ bf these phases. For eymtple^ 
ah individual may attend to ah irrfelevaht or seoahdary feature of 
an -item and may ignore i:npbrtaht ihfbniiatical. The renaining 
stages might be oorrec^y executed^ but an error would result 
nonetheless; Similarly^ an error in the seobhd Stage may arise if 
an inai^Jropriate strategy is selected. The first stage may or may 
not have been successfupy carried out. Finally, it: is possible 
to recognize important features bf an iten and to identify an 
aperc^riate problem-solvii^ strategy^ and nevertheless to fail in 
executing the stx^ategyi Sbviously, these errors can occur singly 
or intermixec; 

This section describes a cSLassif icatibh of errors based on 
this single model. Errors may be made in the following processes? 
1; Attention to spatial and visual cues 

2; Attention to verbal cues ' . 

'3; Selection of inaccurate Or iha|¥>rc^riate algoritiim 

4; Use of a pattern bf respanse preference^ 

5. fransiatfon from wbrdi to arithmetic expressions 

6; Perseverance in use bf a chosen algorithm , 

Errors 1 and 2 are errors bf recognition and reflect an 
individual's inability to identify necessary salient features of 
an item. Errors 3 and 4 indicate difficulties in selecting _ a 
problem-solving strategy. Either an inaccurate pr inappropriate 
strategy is selected, br the student guesses according to a 
pattern of response preference,^ Finally, errors 5 and 6 are 
errors in inpleroentaticm br execution. 

The first five categories are related to re sear^ of sex 
differences. Spatial ability, verbal ability, poitipu tat im a^ 
word problem solving, and persistence have all been investigated 
with sex as a variable. Bc^s tend to excel at spatial tasks and 
in solving v^rd prbKtems, and they tend to persevere^ longer _than 
qirls when perfbrmihg a task (Fennenta 6 Carpenter, 3381; 
Vandenberg & Kusc.- 1979? Haixsbfcy S Jacklin, 1974? Backrran, 1972; 
Blum & Broverman, 1957 j Marshall, Note 2) . These studies also 
show that girls are likely to excel in verbal ^itit^^ an- 
oortssutations; It is reasonable to l^thesize that bpys and 
girls'* perfonn^c» are r^ated to these factors and, furtiier, that 
boys' and girls' errbrs are also directly related. 

The dniy category not investigated in ^e sex-related 

^■iff^^^nces literature is that of response preference i Biere_ is 
evinPH'-e that individuals do have preferences for rmd-ti^e-choios 
alternanives. Gollege students, for example, favor response B 

B2 

ia 



D-5 



given the choice of k, B, C, or D (van Heerdeh _S Hbdgstraterir 
1979). One questions whether sixth grade girls ^a^^ 
response preferences and whether these preferences differ. 

This classification is a useful basis for interpreting the 
sex differences that_ exist in the data. in inahy cases , the 
categories have obvious applications to it^is fran the Survey ^ 
Groups of similar errors emerge when the responses are analyzed, 
arid the classification proposed here captures nost of the 
distractor alternatives; 

^ai tples of Errors in Each Category 

illustrate how the present classification, distirguishes 

boys'* and girls"^ errors, several examples are of fered^ Tablo 3 

contains eight items from the Sorvey of Basic Skilis . Tv^ i s 
each of four t^es were selected: wrd problems , geqmeti^ and 
scaling itans, oonputaticaiSjr and mathonatics concepts. The 
distraclbbrs for these itens are discussed below acdordir^ to eadi 
category in the error cabassificatioh. 



Tai^^e 3 about here 



Spatial and Visual Cues . Cues of this_t^)e are present in 
four of the eight it^s of "Table 3 (Uots 2,4, 5, and 6). Items 5 
and 6 are the most obviously influenced byj^tial features. Item 
5 retires the student to redbgnize similar triangles. Shape and 
size of the five figures in the iton are iit^jprtant visual_ cues. 
Shape is a relevant feature, arid size is irrelevant. Attention to 
the former leads to the correct solution, while attention to the 
latter leads to ah incorrect response of D (the smallest of t±e 
figures in the response clibices) . 

In ItCTt B, representation of tile intervals as equ^ on the 
ntSfcer line is inpbrtaht in understanding the item^ ^ 0^^ 
of ^ntmiDer line^ is not necessary; a student need oily reoo^ 
tile equal spacing in the diagram and interpolate the missing 
values. Were the figure drawn witii the letters M and N shifted to 
tile left^ as 

H . N 

t =t ^ — « — 

0 12 18 30 

the student dbuld hot assume e^al intervals and the re^OTse 
2ihd 2V csbuld be correct. All dis tractors in this item reflect 
failure to attend to relevant visual ihfbrmaticwi; 

^e visual infbnndtiai of ItOT 2 (a 
nature and applies c«ly to the c±kdipe of ^4^ as tiie answer, in 
this case* students may realize that ^6^ would be too great a 
nurtfcer of apfies and that anything fewer would_be satisfac±cry. 
Scarmtng tiie list of distractors results in a response of ^4^, the 
number ^bsest b> but hot e»»eairig ^6^. The last option None of 



these' is not 5oSsiaerea^ perhaps 'because \it is Hot a numerical 
value. 

Item 4 (decfanai additionj ; is an e}?ample of * fcrizon^fl 
aritbnetic. Since the nia j or ity of ^inc»^rect responses to this 
item were 'None of these', it ^ is in?»ss^ble to infer which 
arithmetic solutions wei;e obtained. One^ ^possibility is^ that 
students failed to align the numbers correctly or lost ^"JR pt 
decimal positions, ft response of 13.104 (distractor^) mfyj^^^gl 
from the spatial orientation of the item._^ Students reaching_ this 
solution may perceive the problem as (7 + 6)^ . (58 + 4^?^- f^.* 
104, in effect creating a distributive prc¥>erty for the decimal 
point. \ 

^ferbal Cues . Verbal cues are individual vrords or phrases^ in 
an item; K^lrords may detenttine a student's choice of operation. 
In Item 1 (map scalel, the 'If^. is _ 

represents [unknown] ' lead the student to formulate the problem 

ast ,1 
X. is to Y as Z is ±b f unlcnown JI 

v^ere X and Z are inches ana Y and Qtie uhRnbwh are miles Setting 
up the problan in tiiis way yie^ ds an elation of 
^/y = Z /uhkn<yM \ 

and leads to the cjorrect solution. | 

it^ 2,5, and 7 also contain key wbrds that : may gui«3e an 
individual's choice Of strategy. in items 2 and 7 the word 
'greatest' appears. If one attends on-.y f»3'^^^'^*^io°"t„^f . ,^"1 
t? the choice of '47' in Item^ (apffl-ep) ^and to 8 "^^em 7 
fe.ib). Similarly, the word (s) 'oottmon' or oomtm d. visor in 
ll^ 7 suggest the re^nse '2'. ft student focusing m th^s^f 
v«Duld have no motivation to examine ether .-esixDhsfe alterniti/es 
sin<;^ the first one i' satisfactory. ! 

Spatial information in Iter. 5 (similar triar^l^ has^already 
been motioned. However, the word 'sfanilar' ^^^-^^ 
diildren who havt nol: Itarned the gocmetric concept. ^^^ey_ may 
focus on the word and interpret it t . mean "^°^^y/^fSrn^t?ve ^ 
not identical". In that c? '^e^ the correct fi^re of fl|ernatge | 
might be elimihated from consideration ^^cau^^el its shape^is 
idehtiai to the figure in the stem. Students ipay ^en look for a 
figure chat only aE?)roximates the original one m size or shape or 
both. . ! 

ina ccurate fll oritte^ . ^ algorithm is a^ Iprooedura fo^ 

making— Sr^raiiti^ ^l^^^^^-^^^°lt, J^ 
algorithms include irore than careless arithn^tic errort,. 
Systanatic misplacefient of decimal points and incorrect rules in 
'carrying' or 'borrowing' are also examples. | ^ 

Several items of Table 3 have distractors that corre^d to 
inaccurate ^gbrithms. All distractors Of Item 1 (map scale) 

re ■ ! ■ . 
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coincide with inobrrect decimal placement; In this item, thl 
incorrect algbrithrhs co-e>:ist with other errors^ such as visrbal or 
translation errors .i 

Inaccurate algoiithms are also probable in Items 3^4^ 7. 
iai distraetbrs for Items 3 and 4 represent ooniputationai error; 
however^ the nature of the errors differs. In the vertical 
addition of Item 3, response k corresponds to a procedure that 
ignores "carrying" altogether.*^ . (ft less likely alternative 
leading to this, distractor is to igiwe the midd^ and 
oOTibihe only the leftmost and rightmost numbers for a response of 
1,212.) Response C also can result from one of two procedures. In 
the firsts the. student adds 4 + 8 = 12, records '2' and carries 
^1^ to the leftmost ooluiiin. The student tiien adds 4 7 = 11, 
records and again atterti>ts to carry "1" to the leftmost 
eblumh. However, 1 has already been^.added to this column (frdn 
the first carry) , so the second carry is disregarded. 5he final 
step addF 1 + 5 + 7 = 13, and the result is the Vciue 1,312. 

A seocxid alterncitive yieldi^ ^he same final solution 
corresponds to inconsistent use of the carryir^ prdcedurr The 
process is ignored in the first step arrf is then employed 
correctly in the addition of the middle pair of nunfcers. 

in the h.Li5K>ntal addition of item 4^ the predonihant 
response is 'Ifene of these'. As pointed t>ut above ^ the incorrect 
solutictis obtained by itKJSt students cannot be observed. Response 
A is also a_pc^ lar choice and illustrates a particular inrorrect 
Zlgorithm. For this answer, cnxldren correctly percjeive the 
problem but formulate the response as 
7 . 58 
+ £ . 4§ 
33 . 104 

adding separately the nt^bers to toe left to the right of the 
decimal. This ?=sr^roach was discussed sBbove in referenda to the 
hc::izontal af^^earance of the iUan. 

RespOTise Prcf erendea . One cannot tgnore the possibility that 
(diildreh select certain responses on a multiple-chbice test as a 
result of the arrangenent^f tiie distraetbrs or as part of a 
general guessing* strategy. For exanpbe^ a student -^y select 
consistently fciie"^ first or last ^ternative or may _ciK>bse the 
smallest or largest ^uei Since rtistractors_ are frecpently 
listed in ascending or desoei^lng brdc^r, it is difficult to t'^ll 
whether a student following this procedure is selectir^ the fir c^. 
or the shiest value_ (since they are frequently identical) . 
Predominant errcts cm tiie iten© of Table 3 are nore frequently 
first or last choices rattier than mldc''*e ones. 

A seoc^d re^OTSfe_preferen^ may involve the selection of 
arithmetic gyration on Qie Dasis_bf relative size of the numbers 
in the stCTt. This response is ainost OyoLlj <»ntext--free7 the 
stu'^^rit_ picks out numbers^and oottfcines them acobrdihg to rules of 
L . For exanrpie, in item 1 (map scale) a student using thi£^ 
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approach would focus only 6n the huittoers 350. arid i4. Since one is 
much larger than the other, the student elects to divide the 
smaller into the larger value rather than add or subtract or 
rhuitiply the two. fi student using this approach would get the 
correct solution. 

This strategy results in error for Item 2 (ap^Jles) . The 
response preference in this item ap^Jears to be add or subtract two 
aniounts of nonev. Given 58^ and 11^, one reaches either^ 69|^ or 
47^. The solution 69 is not ah available dptiori, and thus 47 is 
selected. 

T ransla tion. In soivihg word or story prbblans, students 
generally ttiust translate the problem from the verbal statement 
into u inathenv?tical expression. Errors in trahslatidh result in. 
ihobrrect s:' ations even tiiough prbblan-solvihg techhigues used 
subsequently are employed qo;recB:y. I tens 1 and 8 illustrate the 
pbssibiiitiw- of such errors. 

Cpnsv Tf-- ( 1 {map scale). One csorrect r^resentation of 
this ite-; wa>. ylv&r above. Should a student taKe the numbers in 
the order presented -'n tiie stem and insert them into the equation 
above, 

X is tr ¥ as Z is to [ ohkhowh] 
the result is: 

350 is to 14 as 1 is to [ uhkhowh] 

or 

350/14 = 1/ uhkhdwh . 

To solve this equation, the student must divid? 14 ^ ,350. By 
misplacing the df^csnal, he or she reaches '4' or 40 as an 
answer . 

ft similar translation error can be mads on Item 8 (numeral) i 
fill errors on this item may be trahslati«:;n 5rrors. The first 
-e^nse B) is sintE^y the reversal of the d7;its 3 and 4. ft 
t -eral translation of seven l-Jibusarid six L ' ed thirty-four 
rtiight be 7,008,669,34. Seve al variations are ^ ^stb.s- toe 
might expect nost ehil'^ren to translate correct^ -tx h mdred- 
thirty four, (fh any case, inoDrrect translations otiier than 64? 
are not qptions for this iten.) Therefore, ?. student might 
translate the phrasi to 7^000.534 (again, not a C icractot choice;) 
or the nearest value of 700^534 (response D) . 

Perseverance . It is pbssxble to explain some of the errors 
of Table 3 in terms of student persistence in sowing the items. 
Iteirs 3, 6, 7, and 8 have distractors that correspond to xaek of 
perseverance in repeating a correct prcksess when necessary. 

in the addltic^i problem of I tan 3, response B may be 
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explained in the fbllbwirQ way Th^ first s^ep in carrying is 
executed correctly. However^ the seoonr carrying procedure 
carried out incorrectly- The final result, is then 1^222. One 
es^anation of the error is that students failed to persist in 
E^erfoming the carrying operation. 

ft second exaitipie of failure to persevere is given b/ 
distractbr B " ^ "^^-ein 6 (numbGr line). In this selection r the 
situdent has cx/ r : ' v ^^^ehtlf Ud the value corresponding to M as 6 
hat then does " tht^ ss?.^. process ayain to identify the value 
oor responding 

ft third exmnple is ^ouhd in item 7 ^CT) . The response ^8^ 
would be correct if t±ie values in the stent were only 8 and 16. 
Hdweverr 8 is not a factor of 12. Oioipe of the response fi (S) 
inay result from failure to determine that 8 is indeed a factor of 
all three numbers and hot just the first and last ones. 

Failure to persevere may be related to lack of attention w 
The error of tr^sloilng ^seven thousand six hundred thirty-f^r"* 
into 7r643 (resiXMise B of - tan 8) may be an errd: of t-ts^pe 
rather than, a prcblen _ in translation, ^ving »rre^ 
interpreted tl-ie first two va'^.jes (seven thousand and six hundred) ^ 
the student may Icssex! his or her attenticHi to detaiJL. 



Sex Differences In Errors 

Table 4 summarizes the errors by se^x to the items of ^able 3. 
A distrac'^x?r mr^v appear in more tir.'in a single rategor^ is 
sometimes possible to roach the same incorrect solution because of 
different, errors. Tnteraction amonc; categqri'^ is 
For exaSTier verbal and ^tiril features may contotne to odcast<^i a 
particular error. 

_Bdth se:op? i.. errors in all sijr^tegoriesi fbr tlie items 
of Table 3 - <*re more likely to^make errors in rp<x)ghi2ihg 

relevailt feat ot an item.r whether spatiai or yerbal. ffere of 
their errors can be classified in the first two catetbries than in 
tlibse associated with selection or inplemcntation of ODrrert 
strategies. Boys have mor?: difficulty in irapitementihg a chbsf.h 
strategy. 

Boys appear to make npre errors than gi^ and 
v'.suaT cuesr from translations r from iracror^ 
from ;..cick of persistence. These results occur ^ part because 
b. ys ff cqpentiy sJiqw preference for two distractors \*iile girls 
generally have a single preference. Iten^s 2, 4, and 7 illustrate 
this point. 

Wldiin individiial categories evident^ i^yB 

i:.-ve u greater tendency L^an girls to rnake efrrors in itens with 
imusual ^5atial orientijciari. Botl; sexes err on items with 
oiagrams tnat in different ways. Both s^'es also ^rr in 
recognizing different verbal cur^Sr although ^jjiiey attend ■ to 
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Boys mke more mistakes cxjrrespbhding to errors in 
translation and from inaccurate algorithms than ^^^^^^^^^^ 
former is somewhat surprising since toys generally perform^ ^Is? 
than girls in solving word prcAslems (Fennema & Carpenter, ±90±; 
Marsheai, 1981; Marshall, Note 2) .The present results suggest 
that girls' weakness is in something other than the translation 
step. This weaknessjppears at an earlier stage of the process, 
before the translations and algorithms are heeded. 

\^ry few itans of Qie Survey had Uhifbrmly districted 
errors. It is possible that many students have response 
preferences that are used v^en tiie students realize that they are 
uhalble to solve specific prbaens. The errors in the category of 
response oreferencss indicate that boys and girli hve ^different 
r^-s^nse "preferences. Girls tend to select the first alternative 
(ui^uailv the smallest value) while boys tend to select the la&t 
one (usually the largest) . 

Finally, the re^hses to the sanple iteiiis suggest pat 
perseverance may be a factor in the particular errors made by 
Siidren av3 especially by b^s. It can be ^^"^^^ 
result is occasioned Joy tlie nature of the data: children may be 
less inotivsted to perform maaeinially oh assesatient tests «ian on 
other testF of achievonent. Hdv/ever, as long as girls and toys 
respond to the sane sicaation, one may assume their rootivation is 
similar . Assessment data reveal typical errors, and it «iese 
that are of interest here. T«-e perseverance findings -to not 
support t.:i body of research that suggests boys p- > " to a 

greater degree than do. girls. 

Ti-^*> dif f a- • ice between this finding and those of bthe^^ 
studies'may be due to tiie narrower definition of pe:r severance used 
SS Ml^'errors could in principle be defin-.d g .errors ^ 
perseverance: failure to detect oil key vrords cot^rl^be interprf.ted 
51 lack of persistence in reading the entire prodt^,fa:tlure^ tQ 
select an ^^ropriate stra^-egy «xald be interpreted as lack o^^^ 
persistence Ln scanning ail available strategies^and failure to 
iiiy an algorith- correctly oould be i^f-frpreted as lac<c of 
tirsistencc in r^atediy follbwihg the appr .priate steps of the 
Sgorithm. Only tiie latter is taken m .^^^ 
t.-rseveranre in this paper. other irstanoes require 

iritSr^rtSS of omissionfSia a.- ms that il words were nou read 
or that all s-trate^jief* -Jpie hot evaluted. fts yet, there " no 
^ivideri^-e support tftr ar.suitptibns. 



There are substantial differences in the errors nsde by sixth 
oradA i^s and girls on imiltiple-cholce nath«natics rte^^ 
IStistlcal analysis reveals that beys and girls select different 
^iitractors to a variety of items and that the choices for each 
hy. are consistent fbr difi^reh- groups tested in separate years. 



ft classification of errors has been .present^ that en^asizes 
areas in which the sexes are thought to differ^ Neither sex makes 
only one t^e of error ^ Kit within each classification ^ bays and 
girls nevertheless inake different mistakes. Boys ag^Jear itiDre 
likely to make errors in selecting and iitplementing groblon- 
solving strategies than girls. Girls are more likely to err in 
determining tl^^e relevant features of problems. More of their 
errors occur in the first two categories than in tJie middle or 
last two onesi 

7J: should be stressed that the eiyove discussion_ does not 
captui. ail possible ways children err on the items of Tabl? 3 nor 
is it argued here that only the errors describe^ lead to selection 
of particular distractbrs^ . What is argued is that we can learn 
mu^ about student errors from nitatiFle--chbice responses^ Ar^ 

study of sex differences in prbbloh solving might benefit frott 

examination of aiready-^cistihg tt-st data. _ Variables to be 
studied ootfltd be selected oh theoretical and erpirical grounds. 
Sudi a procedure would be time^savir^_ in the lor^ run because it 
cetn identify general areas and variables in which the sexes differ 
and can generate testable h^otheses about tht^rn. _ Mbire fSe tailed 
analyses with sp^scially dbhstructed items and small groups of 
individuals nattirally follow. 

Final3.y^ it should be pointed out that the it^ns studied here 
were not cjonstructed to facilitate distractor ar^ulysis. 
Nevertheless f much information, has been gained frctn them. Ntore 
information would be available from test itens if attention were 
given to details such as including distfactors o:)rresp^ding to 
more distinct strategies or plirasirQ the c^ostions in sudi a way 
as to eliminate dverl^pping exFlariations for ?i cringle distractor 
dioice. Any th ^./.y of problem solving ooulrl be better evaluated 
bv a^inistratioii of tests with appropriately ci)Osen distractors. 
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NuniDer of Qiildren Responding to the 
Survey o£ Basic Skills ; 
1976-1979 



Girls 



1976 166 r 204 163 r 858 

1977 157rbl3 153r7i0 

1978 148,801 145,647 

1979 144,462 142,395 



Table 2 

Models of Best J'xt for 160 
Mathematics it&\s 

^jodn^l NCTtfeer of Items for Which 
^ Ihis Model is the gst Fit 

a) D + Y + S _ 1 

(2) D + Y + :> + 5 

(3) D -F Y + S -r SY 

(4) D + Y + S + DS 

(5) D + Y + S + SY + Oy 
(5) D + Y + S + DS + SY 

(7) D + Y + S+ DS + DY 12p 

(8) D Y + S + pS + DY + SY 1 

(9) D + Y + S + DS+DY + ^ + DSY 10 

K^: b - distractor choice 

Y = year of resE»nse 
3 - sex of stodeht 



Single letters indicate main effects. 
Double letters indicate interactic»is. 
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Table 3 

Mathematics items finswer6«d by Sixth Grade Students 



7oi:d Fcobleinst 



(i) 



If a distance of 35'^ i es is represented by a segment of 
14 indies C3h a mar . on the 1 inch represents: 
[i] 4 miles 
i [b] 25 miles 
[c] 40 itdles 
Ed] 250 miles 

Percentages Selecting Each bistractor: 

[a] [c] [d] it)tal Incorrect 
boys 31 37 32 >3,68| 
girls 32 30 38 14,674^ 



(2) Sue has SB*. If apples cost 11^ eachi what is the jireatest 
hun4>er of whole apples that Sae can buy? 
Eal 47 

[b] 6 

[c] ^ 
td] 3 

* [e] None of these 

Percent xqes Select;* t Each Distractor: 

•j] <bi [cl [dl Total ihaarrec-t 

gSis 51 16 27 6 3:3,758 



CdmputatioBS t 

(3) 744 * 

+572 

[a'j 1,212 

[b] 1,222 

[c] 1,312 
* [d] 1,322 

Percentages Selecting EacJi Distractdr: 

[a] tb] rcl ^tai incorrect 
bc^s 12 42 46 ^r982 
girls 8 49 43 i-^^^l 



93 



EH16 



T^le 3 continued 



(4j 7.58 + 6.46 = 

[a] 13.164 
* [b] 13.04 
tc] 13.4 

td] None of these / 
i>ercentages Selecting Each Distractbr: 



boys 
girls 



ta] 


tc] 


[d] 


36 


16 


60 


14 


7 


79 



•total Iriodrrect 
6,703 
4,770 



Geometry and Scaling : 




(5) The triangle above is similar to which of the following? 
Ca3 X^^'^^^S * fc] 



[d] 




Percentages Select ir^ Each Dis tractor: 




girls 



5 
4 



[bl 
45 
53 



Ototai Incorrect 
7,680 , 
8.07P 



(6) 



M 



N 



1_ 

12 



18 



30 



Oh the uui^er line abr-v^, Lettered arrows ^5 and N point to tfie 
missing nunfeiers: 
[a] 3 a.id 21 
Ebl >' and 20 
tc-J ar ->4 
lai 9 and 24 

r'_-r<::erti?ges Selecting Each Dis tractor: 

^tal incorrect 
girls 32 46 ZZ 6^550 



til 


tb) 


td] 


27 


53 


20 


32 


46 


22 



D-i? 

Table 3 oontiriaeS 

Mathematicai Concepts ; 

(7) tijhat is the greatest oomtnon divisor of B, 1?, arid 16? 
ta] 2 
[b3 3 
* Ic] 4 
Id] 8 - 

Percentages Selecting Each bistractor: 

[aj [bl [3] ibtal Iripprrec' 

bc^ 49 7 44 ig,3QP 

58 5 37 10,537 



(8) Which is a numeral for seven tiiousarid six hundred thirty-fc 
* ta] 7,634 
' tb] 7,643 
tc] 70,634 
[dl 700,634 

Percentages Selecting Each Bistractor: 

[5i [c] fd] Total Incorrect 
bc^ 37 23 35 3,362 
giSs 30 23 47 3,178 



* oorrect respcmse 

The items are reprcaduded here by permission of the California 
Ssqessrtsent Program of the CiLifbrnia D^rtment of Education. 
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Table 4 

A Suntnar:^ of Student Errors on Eight Mat: lematics Itatis 
' Ac-obrding to Six Categories of Errors 



Category | Iteti Response Sex Selecting ResiXHise 


(1) Spatial-Visual 

V 


2 e boys 

4 ft t>oys 

5 B girls 

5 D boys 

6 ft girls 


(2) Verbal 


1 ■ D girls 

2 ft girlsybcys 
5 B girls 

5 D boys 

7 ft girlsybc^ 

7 D boys 


(3) Inacxurat: 

Mgdrithms 


1 D girls 

1 e boys 
3 B girls 

3 e toys 

4 ft tx:ys 
7 B beys 


{4) Response Styles 


2 A girls 

6 ft girls 

7 ft girls 

4 D toys 

5 D bc^^s 
7 D be??® 

2 A bc^/girls _ 


J5) Translation 


1 C bc^s 
8 B boys 
8 D girls 


(6) Persevoranoe 


3 B girls 

5 B girls rbc^ 

7 D beys 

8 B bp3^ 
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Egro^ i^a ivsis and ebgnitive Processes 

in this chapter^ I describe cognitive strategies _used by 
sixth^rade children in solving mathernatics problems. There are 
two parts to the study. Firsts a large nunfcer of test responses 
by sixth-grade children are examined. Error analysis in a large 
set of data allows determination of characteristic mistakes rriade 
by boys and girls. In this study r the basic question becomes 
whether beys and girls ntake different or identical errors on 
items. 

^e second study builds upon the results oiE the first. 
Ninety-three sixth-grade students were interviewed individually 
and their problem-solving stales and strategies were observed. 
The first study: indicates the ^pes of probiems on which bcq^s and 
girls differ. The second is a detailed ^amihatibh of steps the 
children take in solving these problems. 

Other Stodies of Errors 

Error analysis is a relatively new fiad _in jnathematics 
research. An interesting line of research is offered several 
Australian researchers using a ciassif icatic*i of errors that 
includes: reading deficiencies ^ cjcnif rehehsioh prctelemsr 
transformation errors r encoding or writing errors r and 
carelessness jClements, 1986; Watson^ 19807 Newman, 1977) .A 
second approach (Padatz, 1979) uses a caassification grounded in 
information-processing theory. Ifessible errors are those of 
language difficulties jsemantics) spatial representations, lack 
of math knowledge, rigidity of thihkihgr and application of 
irrelevant rules. 

More recently, I have proposed a c].assification based upon a 
three-stage model of problem solving: reqcgriitipn of features of 
an item, selection of a strategy to bes used in giving the i ten, 
and implementation of the selected strategy _ (Ifershall , Note 1) . 
In each stage, there are two possible types of errors. In_ the 
first stage of reCTghitioh^ errors are those related to 
spatial/visual cues or verbal features of the it&\. In the seoorig 
stage, errors obrrespOTd to seTectibn of inaE^src^rlate algoritiims 
or to use of guessing E>atterns fbr solvif^ the item. The latter 
are context-free and dej^nd only upon the relative size of the 
numbers in an i ten or in the list of response alternatives on a 
multiple-choice item. The student bases his or her choice of 
arithmetic operatic upon the perceived relationship of the 
numbers. Finally f there are alsd twb types df errors occurring in 
the third stage of the problerFsolvihg model: those of translation 
from words to equations and those of persistence. Discussion of 
errors in this^apter will refer frequently to the three-stage 
model and the associated classification of errors^ 

Error classification offers, a fr^ework for exam 
cognitive processes in problem solving. ^ focusing on particular 
types of errors, we may discbver the _ point at whidi a diild's 
processing makes a wrong turn . We need no longer be^ncerned 
only with whether the child answers correctly or inoorrectiy, and 
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we C3n devise instiruchibri aiittea at specific: eiafcrKts of bbgriitive 
strategies; 



Stady 1 : Errors an Hulti^Le Kaioio Tests 

The first study is an examination of a -large ^umber of 
responses given by children to a standardized r.;?3ecsment test. 
The responses are those of sai sixth-^rade chilor.; enrolled in 
California public schools during the fv^uuti 1976-1979. 
fil^roxiraately 360,000 students respcalded in each Y^ax. 

The test instrument is the Survey Basic SkiHs : Grade 6, a 
30-itan assessment test covering reading, written expression*, 
spelling, and mathanatics. Detaili of the test are given by the 
California ftsses^nt Program (1979) . Only the raatherrntics items 
are of interest here. 

The Survey is administered annually by the Caiifbmia 
Assessment Prog^aS of the California Department of Education- 
Each child responds to one of 16 different forms of the t^t, and 
each form contains unicjue items. There are 10 mathematiCT xtfcns 
on each form, yielding a total of 160 mathematics items for the 
entire Survey ; 

Study of the 160 mathematics items reveals substantial oex 
differences in the errors made try bc^s and girls. Distributions of 
bovs' and girls' errors are significantly different for 88 percent 
of' the items; Tw6 examples of the items analyzed ^d the 
differences in boys' arid girls' responses are given in Table _1. 
During the four years studied, a total pf 13,689 boys and 14,674 
girls erred on the word problem, and 7,680 boys ana 8,078 g^rls 
erred on the georetry item. Proportions of each s»c selecting 
each incorrect distractor are given in Table 1. Ttiese proportions 
are essentially the same for each of the years studied. That_is, 
girls were more likely to select [d] on the map ii^ in all four 
years, and bc^ were jmore likely to select W ; Smiiarly, giris 
tended to prefer [b] for the geometry item, while boys were more 
likely to respond [d] . 

Consider the ways of deriving answers to the word problem 
(T^le 1) . There are two methods that yield the correct solution. 
First, a student can ignore everything in the proaem^^except the 
n-^rs 350 and 14. Since one is .Icorge and^ the pther^is 
relatively smaH, the student elects to ; divid^and reaches^ the 
correct solution of 25 without ever atten?»ting ^ to encode or 
translate the problan. Sucti a strategy of probten solving^ jLs^an 
examole of a guessing pattern . The student ^L^'^^thmetic 
operation on the basis of the relative size of tiie^nur^rs m the 
item; The student's preference of operation is based upon r^^^ 
such as: add ail the numbers together if more than^two ^are 
present; subtract the smaller fran the largerif numbers have 
the sarre ntSfeer of digits; or divide the smaller into^ the larger 
if one is macS larger than the other; Direct ^id^ce of^sucn 
guess»6ik is described in the second part of this diopter. It is 
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is important in this item.. There are five .geometric figures; the 
student is asked to identify which of four is similar to the 
fifth; There is also verbal information, in the __item. The word 
similar usually means "closely resembling," Here similar means 
"having sides with t±ie same prbEortiohs* " If it is interpreted as 
"closely resenfclir^ but not identical" ^ the itpaning at*-iched by 
the student to the word similar may direct the choice o^^ rGspon ei 

There are two spatial features of the iten to vl'^ich hhe 
student can attend: shape and size of the figures. In this cas?er 
shape is relevant and size is hot. Students searching for e 
similar shape will elec±_ response [£]._ Student a similar 

size will select the smallest of the alternatives/ [d] . Students 
interpretir^ similar as "close but not identical" may select 
either [b] or [d] r depending upon whether size or shape was the 
more salient visual feature. 

Table 1 shows. t±ie differences in boys" and girls'" re^nsesi 
Boys are more likely to respond [d] while girls select [bl . ^usr 
the boys appear to be fe^nding to the inappropriate ^tiai 
feature of size r while girls niay_ attend to erroneous verbal 
informatxOT and the relevant spatial feature of shape. This 
suggests that when spatial arid verbal inforniation occur 
siiraltahebusly in a problem, girls arid bc^s have selective 
attention for different features. 

Analysis of students' choice of distractor provides useful 
information about the types of errors students nske and about 

possible cognitive strategies used in solving problems. Furtiier 

information is_ gained from interviews with_students as tfiey solve 
individual problems and describe the problem-solvingjprooess. _^The 
advantage cf stuc^ing multipleHihoice responses frcn^ stand 
tests is that responses from many students to many types of items 
can be examined. Utie advantage of studying interview responses is 
that the re^hses of a few students to a few items can be 
explbr^ed in detail. 



StU(^ it Student Interviews 

For the second stu<^r 93 sixth-grade stud^ts participated 
individually in drie interview session. Earfi student first 
responded to a ten-item paper-and- pencil test and then answered 
questions about ten additional items posed by the interviewer. 
Each set of ten items was used as pretest for approximately fifty 
percent of the cJiildren and as interview for the renainirig 
students. 

During the interviewr a student was ehrourag^ to describe 
his or her problen-solving strategies and was asked frequently to 
justify the use of particular operations and to interpret the 
results. Students re^nded oraity in the interview Ixit were 
allowed to write their ccinputations as they talked. „Each 
interview lasted approximately 45 minutes. MDst of the children 
re^nded to the full set of twenty items r although a few did hot 
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an intportant source C5f errors aiid also, as here, of oirrect 
answers. 

ft second way to reach a bdrrect solution is fc^ following the 
simple nodel of problem solv^ing inehtloried previously. A. student 
first reobghizes the salient features of the item. In this case, 

the words --- „ 

"If is represented by ... , then ... represents 

lead to. selection of the strategy that sets up the proper 

prbpbrtipn: 

A is to B as e is to D. 
Other salient features tiiat must be noted in the item are tiie 
Units of measuranent: 14 and 1 are inches, 350 and the unknown 
cjaantity are miles. Finally, correct solution re<pires cxanbining 
the salient features and tJie strategy selected: 

14 is to 350 as i is to uhkhbvm, 

ot 

14/350 = 1/^ 
where X is the unknown nuntoer of miles. 

Tne cognitive process described above may fail in several 
ways. An individual inay fail to reoagnize all the necessary 
verbal cues present in eie item. For exanfJle, the structure of 
the problem may be dbrrectly idehtif ied (leading to tiie 
apprcxsriate selection of a strategy) but the units of measurement 
may be ignored. Were this to hajpeh, the individual might easily 
make errors in setting up the aK)rc¥Jriate equation. IE Jhe 
nufflbeis in the problem are inserted into the equation m the order 
they occur in the item^ the result is 

3~iG is to 14 as 1 is to Uhkhown . . 

Such a foniulatibn leads to the incorrect response of 0.04. This 
answer is not an option in the list of distractors, but the values 
4 and 40 are; ?Sbrtrarily shifting the decimal allows one to 
select either of these. A similar error in decurt^ placement 
results in the value of 250 (choice [d]) rather than the correct 
response of 25; ' \ 

From fable 1, it is evic^nt that boys are TOre lively to 
respond '40' v^eS they are ihcjprrect and girls are more likely to 
reSnd '250'. Both distractors contain errors of decunal 
arithmetic, but they , corresEXjnd to different approaches in 
cognitive proceiiing. Although the girls choice of 250 is in 
satie sense 'd.6ser' to the proper formulation (since the 
proportion was correctly set up), it may be the ^e serious error 
be^se it is more illogical. Given an initial value of 350 mnes 
for 14 inches, it ihould be obvious to students jinking about 
relative size and distances that a response of 250 is much too 
large for a single incSi. Selectibh of the valueJSO indicates a 
seri<kis lack of attention to the logical or common sense value of 
an answer; Certainly, a response of 40 is morej^ausible. It is 
ixjssible that b^ are attending note to the logical structure of 
their answers than girls. 

The errors on the geometry item illustrate additional 
oagnitive strategies. Undoubtedly, spatial and visual information 
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remDvea. For the baseball cards and tJie hair ribbons item^ the 
portion remdved is a fraction of the original quantity. For the 
soda and bus items, the portion removed is expressed as a ratio: 
one in three or one in six. in all cases ^ the student must first 
determine the number of units to be rarioved and_ second dSr^wte the 
number of remaining units, fts shown in Figure l^ the difficulty 
in this item is in determihir^ the number of units to renove. 
When this value is knowir Qie item has a siittple structure and can 
be solved easily ^ subtraction. When the number of ^ units to be 
removed is not known ^ the student must decide how to f irka it. 

Table 4 provides detail of responses to tht individual itatts. 
Four categories of errors are defined. First are those errors 
that yield o^y 9ie amount to be removed ffctn the original 
quantity. Individuals perfbrm^e first step only on an iten that 
has a multi-step solution^ Second are errors that occur when an 
individual attempts to siAtract a fraction or ratio frcnt the 
original_quantity without first findir^ a_a:xrit«i unit of itieasure. 
Fdr examj^er in the baseball card problem^ such an error is the 
subtraction of 1/3 from 12 ^ yielding an answer, of 11 2/3. , Hie 
third category is a miscellahebus c»ie; all other errors are 
inciuded herir ©cdept the re^hse of ^1 don't kTOw', which is the 
fourth category^ For Siese itons^ miscellahedus errors ccitprise 
only five to eight percent of total responses^ Several children 
gave no ans\^r to tiie items ^ and Uieir prbblertHsolving strategies 
remain unknown. However^ most of the errors <xtne froti failure to 
carr^ out the second operation of subtractidn or fron failure to 
recognize the appropriate number to be subtracted. These errors 
reflect differences in the processing of irifdrmation in the items; 

Table 4 also shows the relative difficulty of these itens for 
boys and girls. The ribbons item is the easiest of the^our for 
boys and tiie most difficult one for girls. A large number of 
girls responded "I doh^'t know" to this item. 

Given the structure cbimph to all four it^ans^ we questioned 
v^ettier students were ODhsisteht in their cognitive prc^ 
There are two issues of consistency: firsts do students aj^roacit 
the pairs of it^ts in the sam way? The matcJied it^ns are nearly 
idehticSb. One expects similar b^aviors for similar itons. 
Different respcMises {e.g.^ use of different arithnietic operations)^ 
suggest that a stadeht does not recb^ the underlying senantic 
structure b£ the pair of itens. In effect, the student is 
guessing or usir^ a strategy that is context-free. 

The secxxid issue of ddnsistericy ooncssrns v*etter students 
tend to use one strategy for all four itens. In practice , very- 
few students were able to solve all four items. Therefore 
modified this issue to incaude students consistent on at least 
three of the fcwr itans. A opiii)arison of the nuntoers of students 
OOTisistent within pairs of itons with those oonsistent^over pairs 
provides ah estimate of how many students perceive tiie generic 
structure of the two tyE»s of iteins. WDrd similar i ties may 
account for redoghitibh that the cards and ribbons items are 
alike. An understanding or encoding of title problem into a 
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have safficieht tiitie to do iS; Failaire to cxiiitplete the set of 
items appears to be more highly relat^ to the g^juht br ^etail 
the chiliren providea on earlier problems than to ability in 
rolving problems. Individuals providing a great deal _ of 
iRfoSnatton or those making many irrelevant statements tended to 
run out of time on the ninth and tenth interview items. 

The prdblCTis solved by the students are word problems 
requiring fraction or whole number aritimetic. Most of the items 
are conrolijc and require itore than a single computation for correct 
solution. Soys were slightly nore successfta in sol.ving the 
problems than were girls, but a comparison of mean scores ^n the 
oaoer and pencil test was statistically insignificant. The mean 
fMi for boyi is 3.86 and that for girls is 3.12. Standard 
deviations are 2.04 and 2.08 respectively. (A oonparison of 
nuStoe^ of items answered correctly in the interviews was^ not 
carried but because not all children had the opportunity to 
re^nd to all itans. FreguentlXr the itCTs notjeached were ^^t^ 
easiist ones in the set and would presumably have been answered 
correctly'.) 

General Results 

ftn itenRjy-item ooniarison of boys' and girls' success on all 
twenty items (pretest responses only)^ shows that bq/s were nore 
successful than girls on eighteen of the items and girls were more 
suc5^ssful than boys on only two of them, in most cases, however, 
thi difference in proportions correct for the sexes is ^t 
statistically significant. On only three items were boys 
ilgnifieantly better than girls; _ . ..^ „».„^- 

The itertis of Table 2 are four of the items used m the study. 
Seventy-nine students (39 boys and 40 girls) re^xsnded to all f^r 
of the itens, two on the paper-and-pencil pretest and two^ in ^ 
interview. Only the re^nses I^o^^^^^^^g^'^^tp^^lf ^gf 
here. Notice that the items are matched s .^^^J^f^^^^^l:. f gj, 
hair ribbons items are almost identical m wording, the soda and 
bus items are also very similar; One fron each pair apf.ars a 
pretest and the other is a corresponding interview^item; These 
items were selected for discussion in this dh^ter because jthey 
lilow^ «:«nparisons of cognitive processes for a cotiiKsn form of 
qaestibh. 

Student performance on tiiese four itans is given in Table 3. 
The distributions of boys' and • girls' corr^ responses are 
significantly different ( = 7.86, p < .05)^. J^tie nost striking 
difference is between the nuittoers of ^<?^f ^Is^rring on all 

four items. Many more girls than boys have difficulty with the^ 
items. This is reflected as well in the larger ^oportion of boys 
answering at least three items correctly. 

fill four of these itens have. the same h«sic structure, ^^is 
structure is illustrated in Figure 1. Each of the four items 
begins with some original quantity, expressed m partio^ar units 
of measurement (cards, ri^ns, bottles, or sgts). The unknown 
in oach iten is the number of units remaining after a portion is 
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There does Jiot appear to be a . sex-related difference in 
ability to recognize structure within a pair of items; Earge 
percentages of both sexes solved both items in a pair in the same 
way. G iris may be slightly better than'^ beys in reosgnizing 
sonantic structure: 26 percent of the girls and 15 percent of tdie 
bws did so on both pairs of items. Bc^s are better than girls in 
discerning the obtnnon structure of all four items: 38 versus 25 
percent. However, this is not a statistically significant 
difference in tiiis santE^^e. 

Student Descriptions of PrdblenFSblving Process 

What is gdihg on in the J>rplDlCTHsolving proc^ ^ 

determine the answer as fully as possible r we questioned ti^^ 
diildren v^iie tliey were solving the interview itesns. ^jnong ottier 
questions r we asked tiien to identify the luportant features of 
each iteiti iheir re^hses cari be evaluated under the error 
classification described earlier in this paper. 

Recall the simple inod^ Of problem solving described^ovei 
^he first stage is tebogriitibh of salient features of an item i in 
word proKensr cme experts the verbal cues 

directing the stu<^ht's attention. The se^nd stage is seiectioh 

of an appropriate strategy for solving the probiem^^ For the 

prbaons studied here, this beoones a draice of ■ operation or 
operations. In many instances, the decision is j^ether to use one 
or two successive odnfjutations. Finally, tiie tiiird stage is 
in^aanehtatioh. Errors in this stage are t^tcaily those of 
aritSnetic caiprtatioh. 

Several a^isnonalities are evident in Bie girls' and boys' 
responses. One is the direct translation of certain words into 
operations. Rattier than encode the probi«n acoDrdihg to a 
structure sucii as that of Figure 1, many students search for 
words in a problem to identify the operation required. Table 5 
gives the most dottnon words and associated loperatiohs 

described by students as they solved tiie four itons. Each of 
these was ^jecified by students as justification for ah associated 
bperaticSi. Frequently, the student vblonteer^ statesnehts such as 
"f%r teacher says ^ always means muitiE>iyi" 

There are distinct differences in tiie key words hbtic^ ^ 
each sex. In the bus/soda items, tiie rrost frequent phrases 
mehtibhed by the students as they solved die itens were "one out 
of every six (three)", depending upon the item being solved. 
Roughly bhe=-third of all students gave this phrase as 
justification for the arithmetic operation performed, mte bcy/s 
than girls did so: 41% of all bc^ versus 25% of all girls. Rtost 
of the students were .led^ to the operation of division Ysy the 
phrase. Ifowever, some interpreted the words to mean subtraction 
and thought th^ should subtract the value 1 f ran the other number 
in the phrase. These students reached either P - 1) or (6 - 1) 
as solutions. 

A second re^nse to tihe bus/sdda items is to focus on the 
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represeritatibri such as that of Figure 1 is necessary to recognize 
that the ribbons and soda items are also alike; 

eohsistehcy in the niatdiea itOTs takes the form of ahswerihg 
both items correctly, of reaching the quanti^ to be removed, as 
Qie answer oh both, or of ignoring tiie step requiring obnversibh 
to the proper unit Of measurement and subtracting the fraction or 
proportion directly from the original unit. Roughly thirty-five 
percent of boys and girls were consistent in their ajproacJi to the 
ribbbhs/cards items. Fourteen of eacJi sex demohstrat©3 
dohsistehcy. Siinilar results were cfetained for the second pair of 
items. Ebrty-tiiree percent of all students were consistent: 16 
boys and 18 girls. 

On all itens, most of the students _i^o erred aansistehtly 
found the aincHants to be subtracted; 60 percent of tiie oohsisteht 
respondents readied such solutions. Neither sex is more likely to 
be cxji^istent than the other. Bpth^ts^s and girl^^^ 
matched items ai having sijailar structare and attanp to solve 
the itOTS within a pair using one cognitive strategy. 

A related issue of consistent is ^eSier students use a 
single strategy for each of the matched pairs i Fifteen percent of 
the boys were consistent within^both pairs of matched items. _ That 
is*, tiiey took a consistent approach to the pair of ribbons/cards 
and also took a consistent approach to tiie pair of bus/soda. 
However X these a^roaches were not in general tJie same for the t*p 
pairs of itans. Siffiilarly, 20 percent of the girls were consistent 
within both jjairs of items. Again, they did not necessanly^use 
the same strategies for the toro pairs. Only two boys and three 
girls used a single strategy for ait four i tens. Both _ beys and 
one girl solved the items correctly ^d cohsbhaht with Figure 1. 
The remainir^ girls found the nuntoer of units to be removed in 
each case. 

About one-third of tiie students were consistent on at least 
three of the four items. Nine of these students were cxsrrect in 
their re^nses (3 girls and 6 boys) . ftost of the renaining 
students donsistently found the aiouht to be ret»ved f ran the 
original guantit?: five girls and nine bc^. Two additional 
girls consistently made in^rqpriate subtractions. A larger 
p-bobrtiOri Of bc^s than girls used a single strategy for at least 
thr^ of the four item: 38 percent of the boys did so in contrast 
with 25 percent of the girls; 

A surprisingly large mSaser of students were inasnsistent in 
their responses. Several tlie seeming iticonsistencies are 
sijTiDly differences in finding i*e quantity to be renoved for one 
ite^ and in carrying ou^the necessary sebbnd st^ for a correct 
solution to the second it&ti. Ifeweverj^ many of the inconsistencies 
correspond to. choice of different bperatibns. That is ,^ a student 
might subtract on the ribbons item and divide On the soda item. 
Such responses indicate failure to recognize the oottmon structure 
fodiid in both items i 
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are also nore likely than boys to resort to solutions based upon 
guessing patterns i Both, of these errors reflect cx>ntext-free or • 
context- independent methods of prdbiem solving. 

Suirenary 

From the studies described here we have new evidence of 
differences and similarities in boys'' arid girls'* itiathonatics 
perfonnance. From the first study, it is evident that bc^L? aid 
girls tend to make different errors on a variety of items. Their 
responses suggest attention to different features of the itT2ms. 
The second study provides, details of how students differ in their 
uhdersfcahding of word problems and in their use of cues in the 
text. 

One iiT?ortaht_ finding in the second study is that girls and 
boys appear equally likely to discern (or fail to discern) the 
underlying structure of tiie prcbl^. The tests of <»nsistenq? in 
response over the four iterts discussed here indicate that bc^ and 
girls are similar in their tendency to ^answer similar problens 
with repeated use of one strategy. On the other hand, this is 
priinarilv a negative finding, since the_ majority of both sexes are 
ihcx>hsisteht_. Both sexes would prctoably benefit from instruction 
on the underlying structure of word problems. 

Sdtte general results are shared by the two studies discussed 

here. Girls make errors ^that lead to illogical respOTSes nore 
often than boys do. This is evident from the word pr^lem^ 
item) on the Survey as well as from the cards/ribbons pair of 
items in the interview study. Just as 250 miles is an iliogic^ 
response, to Iton 1 of Table 1^ responses of 11 2/3 baseball cards 
or 14 4/5 hair ribbons to Items 1 and 2 of Table_2 are ais^^ not 
reasonable. The c^serations'and strategies used by giris^are not 
wholly inappropriate in either instance. However r one expects a 
gbcd problem solver to recognize solutions that are not feasible 
and to modify strategies accordingly. 

^eire is also evidence in both studies that studOTts resort 
to_ guessing patterns rather than janploy strategies of prdKern 
solving,. Both beys arid girls make responses tiiat are based upon 
the relationship or relative size of the numbers in tfie prbKLeth 
rather than the pbriterit of the item. Both studies suggest that 
girls are nore likely to rely .upon this strategy than are boys. 

The pres«it discussion of error anal^is (or Response 
analysis) shows that individual differences in cxjgnitive 
strategies can be identified by examining students^ responses to 
mathematics items. Either te^nique presented here can be 

noaified for use In the classroom; On the one han^r it is 

relatively ea^ to categorize responses to a set of selected 
problCTis that have been answered ty students in the usual paper- 
and-pencil format. Similarly,^ it is possifcie to have children 
explain in an oral questicm-an^answer session \*y particular - 
gyrations are or are not apprqpriatei Results of such analyses 
may direct rarediation or may lead to alternate forms of 
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value 3 or 6 and to ignore the words "one put of every". Students 
using this approach then subtracted 24-3^ ^1 for the soda it«n 
br 48 - 6 = 42 for the bus itOTi. Justification for subtraction 
was a transfonTatt5n of the problem to "Take avrav th^ ""T^'^^ff, 
empty seats (bottles)", and "Take away mfe^s subtract . On^^ 
girli made this error. Ten percent of the girls responding to the 
items made this interpretation. 

The most noticeable response made W bays and girls to ^this 
pair of items was the operatioa of division (eithe^ 24/3 or 48/$[ 
^upled witii the inability of the student to explain w^^ the 
operation was ca^^ied out. "I don't know—^ust instinct . ^and 
"It's the only number that goes into 24 (or 48)" and It^ ^ust 
seems right'* are some of the responses given by^tiie students. 
TWentar-two percent of all students divided but had no idea why. 
Host of their responses suggested that they did not u^erstand^the 
problem and singly combined the available numbers (eitiier 3 aid 24 
or 6 and 48) in Qii flost feasible A oW>n r^ 
don't really know how to solve it. Haybe 3 goes into 24? _ For 
these items, division seemed nost aifsrc^Jriate to tiiOT. T^^ 
another example of a guessihg pattern. Many nore girls tii^ boys 
made responses of tiiis mie 5 of 39 bo^ (or M 

could not^lain their work, 12 of 40 girls (or 36 percentl could 
not do so. This difference is marginally significant (.05 < £ < 
.10). 

A somewhat different pattern emerges for tiie seasid E^^^ J?^<^^ 
items . For ^-oni percent of all students used key words for th| 
cards/ribbons items: 20 girls and 14 hwys. Thus, fifty pereent^of 
the qirls attended to key words or phrases as direeti^^^^^ 
arithmetic operitions. Itost of the students focused on the ^v^^^ 
"gave away" 6i "have left", and these phrases led jre^inantly to 
the operation of subtraction. In these instenTOs, the student^ 
subtracted the fractions directly from the original qp^ 
given in thi items. Only five students were misdirected by _these 
words and interpreted them to itSean that aivision .^f 
the students focusing bh these leases, 11 of 39^ boys_ did _os (28 
percent) and 17 of 40 girls did so (43 percent) , thus girls are 
more likely to attend erroneously to these jAirases. 

_. c 

h second key word in these itsns is the word 'of. A ^Gcxaran 
mtercretation of this is that . "of means multiply . Several 
students volunteered the statement that "of^s the^ same ^as tines. ^ 
T^.is interoretatibh makes sense in fraction problems^ (e.g. . give 
1/3 o^ 12 away) but is incorrect in items using oray wliole^ numbers 
(e.g.7 give 3 oE 12 away) . Bc^ and girls were e<Sually likely to 
attend to tiiis cue. ^ 

On ffie basis of ttiese four items, Siere are^ differences in 

the probl^n-solving strategies of ^s^^^^^g- ^'^^^^J^^"^ 
key words is a major factor. Girls a^ar more likely ^than bc^s 
to"^ carbine partial recognition of cues witii failure to identify 
ar>proprtate units of measure. This i| evident in _ toe grea^^ 
t^^nden^ of girls to subtract without first detennining toe number 
of unite (c^ds, ribbons, bottles, or seats) to be removed. Girls 
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instrdctlon; in either case, instructidh is better tailored to 
fit individucil needs. 
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fatae i 

SaSipie items fran the 
Survey of ^sic Skills : Girade 6 



M) If a distance of 350 miles is represented a segment 
14 indies on a map, then on the m?? 1 inch represents: 
[al 4 rniles 
* [b] 25 miles 
[c] 40 miles 
Ed] 250 miles 



Percentages Selecting Each Distr actor : 




Percentages Selecting Each Distractor: 

jaj [b] [d] TOtaS: Inebrrect 

fms 5 45 50 • 7,680 

giSs 4 53 43 8,078 

* correct solution 

These items are reprcaduced here with the permissiOT of tiie Call 
fornia Assessment Prbgran, California Department of Bducatton. 



108 



Table_2 

Word ProblCTS Solved Sixth 
Grade Students in Individual Interviews 



Pair^ i: . _ _ _ _ : . . . _ . 

Ti) John has 12 baseball cards. He gives_l/3 of than 
to Jim. many does Jdtm have left? 

(2) Mary has 15 hair ribbons. She gives 1/5 of them 
to Ktice. Sow many ritteons does Mary have left? 



Bair 1: : \ — - 

(1) ft bus has seats for 48 passengers. If OTe out of 
every six seats is empty^ how many passengers are 
on the bus? 

(2) ft case of soda ebntaihs 24 bottles, if drip out of 
every three bottles is enpty^ how many full battles 
of soda are in the case? 



Table 3 



Frequency. Distributions df_Bcys^ and Girls^ 
ebrrect Ifespbhses to the Items of Table 2 



Number of Items Answered 



Sex 
Boys 
Girls 



0 


1 


2 


3 


4 


9 


12 


9 


7 


2 


15 


13 


9 


2 ^ 


1 
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Table 4 

Freqaen^ of Correct and Incorrect Responses 
to Each Item of Table 2 







Correct 


First Step 


Student Response 
Subtraction No Answer 


Other 


I tan: 
CARDS 


Boys 
Girls 


±6 
16 


15 
9 


5 
10 


@ 
4 


3 
1 


RIBBONS Boys 
Girls 


21 
7 


8 

10 : 


7 
8 


2 

12 


1 

3 




Boys 
Girls 


11 
9 


20 
20 


4 

5 


3 

3 


1 
3 


SCDft 


Boys 
Girls 


11 
9 


17 
20 


4 
4 


3 
4 


4 
3 



Table 5 

Key tfords arid TSieir Associated Operations 



# CSF STUDEOTS USIN3 : 



(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 



ASSOCIATED OPERMSOI 



OF 

GAVE m^fs^ Awsy 

HAVE liST/^SE LEFT 
HAVE rSET/S^ IJEET 

GAVE wm 

1 IN 6 / 1 IN 3 
1 IN 6 / 1 IN 3 



ittultiplicatioTt 
subtractiOT 
' subtraction 
division 
division 
division 
subtraction 



BOYS 


GIRLS 


3 


3 


4 


8 


5 


9 


3 


2 


0 


3 


10 


7 


6 


3 
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Figure 1 

A general itodel of the underlying structure of the itans given in Table 2. 



units of 
original 
quantity 



amount 
to be 
removed 



units 
ronaining 




number 

of 
units 



fractional 
part of 
original 
quantity 



pr<^rtidh 
of original 
quantity 
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